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1. [3 !"##"] 14567 a, b, c 8 69: ;<;=9>< 9=?@:A>BC A:5@=. 3@D E=FG<H ;=9B :? A:5I@ a, b : c

JB;:5BJ=I65D ;9:JIGK>>BH EJ=G9=6>BH 69KCA@I>, E<9>DL: E<6<9<M< DJ@DI65D N6= ;=9= A:5I@.
"O<?>=A:L ;<@4AI>>BI 69KCA@I>B f1, f2, f3. -=HG:6I 54LL4 S = a

2 + b
2 + c

2, I5@: >=:LI>7PII
?>=AI>:I 69KCA@I>= f = f1 + f2 + f3 9=J>< →1, = f(0) = 11. (#=L: A:5@= a, b : c >I G=>B.)

2. [4 !"##"] #E<@7E< PI56:?>=A>BC A:5I@ L<F>< 5<56=J:67 :? Q:R9 0, 1, 2, 3, 7, 8 : 9, A6<OB GJI
:? N6:C Q:R9 :5;<@7?<J=@:57 J ?=;:5: A:5@= 9<J>< ;< GJ= 9=?=, = E=FG=D :? <56=@7>BC Q:R9 8
>I O<@II <G><M< 9=?=?

3. [4 !"##"] SIP:6I 5:56IL4 49=J>I>:H:
)︃
logx(5y → x) · logy(5x→ y) = 4,

logx(5x→ y) + logy(5y → x) = 4.

4. [5 !"##$%] % 69I4M<@7>:EI ABC ;9<JIGI>= O:55IE69:5= AN . "O<?>=A:L AI9I? Q 6<AE4 ;I9I5I-
AI>:D ;9<G<@FI>:D JB5<6B BP 69I4M<@7>:E= ABC ?= 6<AE4 P 5 <;:5=>><H <E<@< N6<M< 69I-
4M<@7>:E= <E94F><567T 𝜔. -=HG:6I ;@<U=G7 69I4M<@7>:E= BCQ, I5@: BC = 24, 4M@B ↭BNA

: ↭BAC 9=J>B, = 9=G:45 <E94F><56: 𝜔 9=JI> 13.

5. [5 !"##$%] SIP:6I >I9=JI>56J<
[︃
1→ cos x cos

𝜀

8

]︃2

→ sin2
x sin2 𝜀

8
+
[︃
2 sin 2x→

↑
2
]︃2

↫ 0.

6. [6 !"##$%] % AI6B9KC4M<@7><H ;:9=L:GI SABCD :?JI56>B G@:>B J5IC 9KOI9: AB = BC =
CD = DA = 5, SB = 2

↑
5, SA = SC = 3

↑
5, SD = 2

↑
10. #RI9= 𝜔 5 G:=LI69<L SB ;I9I5IE=I6

M9=>: ;:9=L:GB ;< L><FI56J4, 5<56<DUIL4 :? 6<AE: S : @:>:: L, >I 5<GI9F=UIH 6<AE4 S.
-=HG:6I G@:>4 @:>:: L.

7. [6 !"##$%] -=HG:6I J5I !"#"$%&’#()*’ ?>=AI>:D ;=9=LI69= a, ;9: E<6<9BC 5:56IL=
)︃
x
2 + y

2 → 2x→ 6y + 6 = 0,

(|x|→ |x→ a|→ a)y = 2(x→ a)

:LII6 9<J>< GJ= 9IPI>:D.
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1. [3 !"##"] 14567 a, b, c 8 69: ;<;=9>< 9=?@:A>BC A:5@=. 3@D E=FG<H ;=9B :? A:5I@ a, b : c

JB;:5BJ=I65D ;9:JIGK>>BH EJ=G9=6>BH 69KCA@I>, E<9>DL: E<6<9<M< DJ@DI65D N6= ;=9= A:5I@.
"O<?>=A:L ;<@4AI>>BI 69KCA@I>B f1, f2, f3. -=HG:6I 54LL4 S = a

2 + b
2 + c

2, I5@: >=:LI>7PII
?>=AI>:I 69KCA@I>= f = f1 + f2 + f3 9=J>< →7, = f(0) = 5. (#=L: A:5@= a, b : c >I G=>B.)

2. [4 !"##"] #E<@7E< 5IL:?>=A>BC A:5I@ L<F>< 5<56=J:67 :? Q:R9 0, 1, 2, 3, 4, 5, 6, 8 : 9, A6<OB
GJI :? N6:C Q:R9 :5;<@7?<J=@:57 J ?=;:5: A:5@= 9<J>< ;< 69: 9=?=, = <56=@7>BI Q:R9B 8 >I
O<@II <G><M< 9=?=?

3. [4 !"##"] SIP:6I 5:56IL4 49=J>I>:H:
)︃
logx(4y → x) · logy(4x→ y) = 4,

logx(4x→ y) + logy(4y → x) = 4.

4. [5 !"##$%] % 69I4M<@7>:EI ABC ;9<JIGI>= O:55IE69:5= AN . "O<?>=A:L AI9I? Q 6<AE4 ;I9I5I-
AI>:D ;9<G<@FI>:D JB5<6B BP 69I4M<@7>:E= ABC ?= 6<AE4 P 5 <;:5=>><H <E<@< N6<M< 69I-
4M<@7>:E= <E94F><567T 𝜔. -=HG:6I ;@<U=G7 69I4M<@7>:E= BCQ, I5@: BC = 30, 4M@B ↭BNA

: ↭BAC 9=J>B, = 9=G:45 <E94F><56: 𝜔 9=JI> 17.

5. [5 !"##$%] SIP:6I >I9=JI>56J<

→
[︃
1→ sin x sin

𝜀

8

]︃2

+ cos2 x cos2
𝜀

8
→

[︃
2 cos 2x→

↑
2
]︃2

↬ 0.

6. [6 !"##$%] % AI6B9KC4M<@7><H ;:9=L:GI SABCD :?JI56>B G@:>B J5IC 9KOI9: AB = BC =
CD = DA =

↑
14, SB = 2, SA = SC = 3

↑
2, SD = 2

↑
2. #RI9= 𝜔 5 G:=LI69<L SB ;I9I5IE=I6

M9=>: ;:9=L:GB ;< L><FI56J4, 5<56<DUIL4 :? 6<AE: S : @:>:: L, >I 5<GI9F=UIH 6<AE4 S.
-=HG:6I G@:>4 @:>:: L.

7. [6 !"##$%] -=HG:6I J5I !"#"$%&’#()*’ ?>=AI>:D ;=9=LI69= a, ;9: E<6<9BC 5:56IL=
)︃
x
2 + y

2 → 6x+ 14y + 42 = 0,

(|x|→ |x→ a|→ a)y = 6(a→ x)

:LII6 9<J>< GJ= 9IPI>:D.
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1. [3 !"##"] 14567 a, b, c 8 69: ;<;=9>< 9=?@:A>BC A:5@=. 3@D E=FG<H ;=9B :? A:5I@ a, b : c

JB;:5BJ=I65D ;9:JIGK>>BH EJ=G9=6>BH 69KCA@I>, E<9>DL: E<6<9<M< DJ@DI65D N6= ;=9= A:5I@.
"O<?>=A:L ;<@4AI>>BI 69KCA@I>B f1, f2, f3. -=HG:6I 54LL4 S = a

2 + b
2 + c

2, I5@: >=:LI>7PII
?>=AI>:I 69KCA@I>= f = f1 + f2 + f3 9=J>< →1, = f(0) = 26. (#=L: A:5@= a, b : c >I G=>B.)

2. [4 !"##"] #E<@7E< PI56:?>=A>BC A:5I@ L<F>< 5<56=J:67 :? Q:R9 0, 2, 3, 4, 7, 8 : 9, A6<OB GJI
:? N6:C Q:R9 :5;<@7?<J=@:57 J ?=;:5: A:5@= 9<J>< ;< GJ= 9=?=, = <56=@7>BI Q:R9B 8 >I O<@II
<G><M< 9=?=?

3. [4 !"##"] SIP:6I 5:56IL4 49=J>I>:H:
)︃
logx(7y → x) · logy(7x→ y) = 4,

logx(7x→ y) + logy(7y → x) = 4.

4. [5 !"##$%] % 69I4M<@7>:EI ABC ;9<JIGI>= O:55IE69:5= AN . "O<?>=A:L AI9I? Q 6<AE4 ;I9I5I-
AI>:D ;9<G<@FI>:D JB5<6B BP 69I4M<@7>:E= ABC ?= 6<AE4 P 5 <;:5=>><H <E<@< N6<M< 69I-
4M<@7>:E= <E94F><567T 𝜔. -=HG:6I ;@<U=G7 69I4M<@7>:E= BCQ, I5@: BC = 80, 4M@B ↭BNA

: ↭BAC 9=J>B, = 9=G:45 <E94F><56: 𝜔 9=JI> 41.

5. [5 !"##$%] SIP:6I >I9=JI>56J<
[︃
1→ cos x cos

𝜀

6

]︃2

→ sin2
x sin2 𝜀

6
+ (2 cos 2x→ 1)2 ↫ 0.

6. [6 !"##$%] % AI6B9KC4M<@7><H ;:9=L:GI SABCD :?JI56>B G@:>B J5IC 9KOI9: AB = BC =
CD = DA =

↑
5, SB = 2, SA = SC = 3, SD = 2

↑
2. #RI9= 𝜔 5 G:=LI69<L SB ;I9I5IE=I6 M9=>:

;:9=L:GB ;< L><FI56J4, 5<56<DUIL4 :? 6<AE: S : @:>:: L, >I 5<GI9F=UIH 6<AE4 S. -=HG:6I
G@:>4 @:>:: L.

7. [6 !"##$%] -=HG:6I J5I !"#"$%&’#()*’ ?>=AI>:D ;=9=LI69= a, ;9: E<6<9BC 5:56IL=
)︃
x
2 + y

2 → 4x→ 10y + 20 = 0,

(|x|→ |x→ a|→ a)y = 4(x→ a)

:LII6 9<J>< GJ= 9IPI>:D.
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1. [3 !"##"] 14567 a, b, c 8 69: ;<;=9>< 9=?@:A>BC A:5@=. 3@D E=FG<H ;=9B :? A:5I@ a, b : c

JB;:5BJ=I65D ;9:JIGK>>BH EJ=G9=6>BH 69KCA@I>, E<9>DL: E<6<9<M< DJ@DI65D N6= ;=9= A:5I@.
"O<?>=A:L ;<@4AI>>BI 69KCA@I>B f1, f2, f3. -=HG:6I 54LL4 S = a

2 + b
2 + c

2, I5@: >=:LI>7PII
?>=AI>:I 69KCA@I>= f = f1 + f2 + f3 9=J>< →4, = f(0) = 23. (#=L: A:5@= a, b : c >I G=>B.)

2. [4 !"##"] #E<@7E< 5IL:?>=A>BC A:5I@ L<F>< 5<56=J:67 :? Q:R9 0, 1, 2, 3, 4, 5, 7, 8 : 9, A6<OB
GJI :? N6:C Q:R9 :5;<@7?<J=@:57 J ?=;:5: A:5@= 9<J>< ;< 69: 9=?=, = <56=@7>BI Q:R9B 8 >I
O<@II <G><M< 9=?=?

3. [4 !"##"] SIP:6I 5:56IL4 49=J>I>:H:
)︃
logx(6y → x) · logy(6x→ y) = 4,

logx(6x→ y) + logy(6y → x) = 4.

4. [5 !"##$%] % 69I4M<@7>:EI ABC ;9<JIGI>= O:55IE69:5= AN . "O<?>=A:L AI9I? Q 6<AE4 ;I9I5I-
AI>:D ;9<G<@FI>:D JB5<6B BP 69I4M<@7>:E= ABC ?= 6<AE4 P 5 <;:5=>><H <E<@< N6<M< 69I-
4M<@7>:E= <E94F><567T 𝜔. -=HG:6I ;@<U=G7 69I4M<@7>:E= BCQ, I5@: BC = 48, 4M@B ↭BNA

: ↭BAC 9=J>B, = 9=G:45 <E94F><56: 𝜔 9=JI> 25.

5. [5 !"##$%] SIP:6I >I9=JI>56J<

→
[︃
1→ sin x sin

𝜀

6

]︃2

+ cos2 x cos2
𝜀

6
→

[︃
2 sin 2x→

↑
3
]︃2

↬ 0.

6. [6 !"##$%] % AI6B9KC4M<@7><H ;:9=L:GI SABCD :?JI56>B G@:>B J5IC 9KOI9: AB = BC =
CD = DA =

↑
7, SB =

↑
2, SA = SC = 3, SD = 2. #RI9= 𝜔 5 G:=LI69<L SB ;I9I5IE=I6 M9=>:

;:9=L:GB ;< L><FI56J4, 5<56<DUIL4 :? 6<AE: S : @:>:: L, >I 5<GI9F=UIH 6<AE4 S. -=HG:6I
G@:>4 @:>:: L.

7. [6 !"##$%] -=HG:6I J5I !"#"$%&’#()*’ ?>=AI>:D ;=9=LI69= a, ;9: E<6<9BC 5:56IL=
)︃
x
2 + y

2 → 6x+ 10y + 18 = 0,

(|x|→ |x→ a|→ a)y = 2(a→ x)

:LII6 9<J>< GJ= 9IPI>:D.
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1. [3 !"##"] &456789:, ;8: 67<= >?69@A=8@ BCDEFG =4 B:H96G >HC5969=I x2 + bx + c = 0 9C 3,
J:<>;699F6 ;=7<C K>E>8 B:H9I?= >HC5969=I x2 + cx+ b = 0. $CDEFG =4 ;68FHLM B:H96G N8=M
E5>M >HC5969=G >56<=;=<= 9C 1. -CGE=86 JH:=456E69=6 J:<>;699FM ;68FHLM ;=76<. (#C?= ;=7<C
b = c 96 EC9F.)

2. [4 !"##"] -C4:56? ;=7<: !"#"$%&’, 67<= 5 96? ;6H6E>O87I ;L89F6 = 96;L89F6 P=QHF. #B:<@B=-
?= 7J:7:KC?= ?:D9: 4C?69=8@ 45L4E:;B= 9C P=QHF 5 HC5697856 2→→→+ 3→→→ = →→→→ 8CB, ;8:KF
J:<>;=<:7@ 56H9:6 HC569785: 7 8H6?I 4CKC59F?= ;68FHLM49C;9F?= ;=7<C?=?

3. [5 !"##$%] R6A=86 96HC569785: logx2(x2 ↑ x) + log(x→1)2(x
2 ↑ x) ↭ 9

4
.

4. [4 !"##"] % :79:5C9== J=HC?=EF DABC <6D=8 JHC5=<@9FG 8H6>S:<@9=B ABC, >S:< ACD
JHI?:G. #Q6HC 7 E=C?68H:? BD J6H676BC68 J:58:H9: HLKHC AD, AB = CD 5 8:;BCM E, F = C
7::8568785699:. -CGE=86 :KTL? J=HC?=EF EACF , 67<= AB =

↓
2, CD =

↓
3.

5. [5 !"##$%] R6A=86 >HC5969=6

cos 4x↑ 6
↓
2 sin x↑ 4 sin 2x+ 6

↓
2 cosx = 15.

6. [6 !"##$%] % 8H6>S:<@9=B6 ABC ↫B = 60↑, C 8:;B= D, E = F <6DC8 9C 78:H:9CM CA, AB = BC
7::8568785699:, JH=;6? BE = ED = DF = FB = 10. "8H64B= AF = CE J6H676BCO87I 5 8:;B6
X. -CGE=86 E<=9> XA, 67<= XF = 4.

7. [6 !"##$%] -CGE=86 576 49C;69=I JCHC?68HC a, JH= B:8:HFM 7=786?C
)︃
[︃

]︃
x+

y2

x
= min

⌊︃
6 +

8y

x
; 8↑ 6y

x

⌋︃
,

y = ax↑ 7a+ 1

=?668 H:59: E5C H6A69=I.
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1. [3 !"##"] &456789:, ;8: 67<= >56<=;=8@ BCDEFG =4 B:H96G >HC5969=I x2 + bx + c = 0 9C 4,
J:<>;699F6 ;=7<C K>E>8 B:H9I?= >HC5969=I x2 + cx+ b = 0. $CDEFG =4 ;68FHLM B:H96G N8=M
E5>M >HC5969=G >56<=;=<= 9C 1. -CGE=86 JH:=456E69=6 J:<>;699FM ;68FHLM ;=76<. (#C?= ;=7<C
b = c 96 EC9F.)

2. [4 !"##"] -C4:56? ;=7<: !"#"$%&’, 67<= 5 96? ;6H6E>O87I ;L89F6 = 96;L89F6 P=QHF. #B:<@B=-
?= 7J:7:KC?= ?:D9: 4C?69=8@ 45L4E:;B= 9C P=QHF 5 HC5697856 2→→→+ 4→→→ = →→→→ 8CB, ;8:KF
J:<>;=<:7@ 56H9:6 HC569785: 7 8H6?I 4CKC59F?= ;68FHLM49C;9F?= ;=7<C?=?

3. [5 !"##$%] R6A=86 96HC569785: logx2(x2 + 2x) + log(x+2)2(x
2 + 2x) ↭ 9

4
.

4. [4 !"##"] % :79:5C9== J=HC?=EF DABC <6D=8 JHC5=<@9FG 8H6>S:<@9=B ABC, >S<F ACD =
BCD JHI?F6. #Q6HC 7 E=C?68H:? BD J6H676BC68 J:58:H9: HLKHC AD = AB 5 8:;BCM E = F
7::8568785699:. -CGE=86 :KTL? J=HC?=EF EACF , 67<= AB = 2

↓
2, CD = 2

↓
3.

5. [5 !"##$%] R6A=86 >HC5969=6

9↑ cos 4x+ 3
↓
2 sin x↑ 4 sin 2x+ 3

↓
2 cosx = 0.

6. [6 !"##$%] % 8H6>S:<@9=B6 ABC ↫B = 60↑, C 8:;B= D, E = F <6DC8 9C 78:H:9CM CA, AB = BC
7::8568785699:, JH=;6? BE = ED = DF = FB = 30. "8H64B= AF = CE J6H676BCO87I 5 8:;B6
X. -CGE=86 E<=9> XA, 67<= XF = 18.

7. [6 !"##$%] -CGE=86 576 49C;69=I JCHC?68HC a, JH= B:8:HFM 7=786?C
)︃
[︃

]︃
x+

y2

x
= min

⌊︃
10 +

24y

x
; 24↑ 10y

x

⌋︃
,

y = ax↑ 17a+ 7

=?668 H:59: E5C H6A69=I.
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1. [3 !"##"] 14567 a, b, c 8 69: ;<;=9>< 9=?@:A>BC A:5@=. 3@D E=FG<H ;=9B :? A:5I@ a, b : c

JB;:5BJ=I65D ;9:JIGK>>BH EJ=G9=6>BH 69KCA@I>, E<9>DL: E<6<9<M< DJ@DI65D N6= ;=9= A:5I@.
"O<?>=A:L ;<@4AI>>BI 69KCA@I>B f1, f2, f3. -=HG:6I 54LL4 S = a

2 + b
2 + c

2, I5@: >=:LI>7PII
?>=AI>:I 69KCA@I>= f = f1 + f2 + f3 9=J>< →1, = f(0) = 11. (#=L: A:5@= a, b : c >I G=>B.)

!"#$": 14.

%$&$’($. !" #$%"&’(

f(x) = (x→ a)(x→ b) + (x→ b)(x→ c) + (x→ c)(x→ a) =

= 3x2 → 2(a+ b+ c)x+ (ab+ bc+ ca).

)*’+,-./,, 0-*1,-’, 23451%,-* 3*&-" f(x0), 67, x0 =
a+ b+ c

3
. 8+,,+:

f(x0) = 3

)︃
a+ b+ c

3

[︃2

→ 2(a+ b+ c)

)︃
a+ b+ c

3

[︃
+ (ab+ bc+ ca) =

= →1

3
(a+ b+ c)2 + (ab+ bc+ ca) = →1

3
(a2 + b2 + c2 + 2ab+ 2ac+ 2bc) + ab+ bc+ ca =

= →1

3
(a2 + b2 + c2) +

1

3
(ab+ bc+ ca) = →1.

9 73#6": $2"3"-;, f(0) = ab+ bc+ ca = 11. <-*1’2, a2 + b2 + c2 = 11→ 3 · (→1) = 14.

2. [4 !"##"] #E<@7E< PI56:?>=A>BC A:5I@ L<F>< 5<56=J:67 :? Q:R9 0, 1, 2, 3, 7, 8 : 9, A6<OB GJI
:? N6:C Q:R9 :5;<@7?<J=@:57 J ?=;:5: A:5@= 9<J>< ;< GJ= 9=?=, = E=FG=D :? <56=@7>BC Q:R9 8
>I O<@II <G><M< 9=?=?

!"#$": C4
7C

2
4

6!

(2!)2
→ C

3
6C

2
3

5!

(2!)2
→ C

3
6C

1
3

5!

2!
= 32400.

%$&$’($. 8$="+", ="%’1,$2&" 1’$,% 3*&-"

N = N1 →N2 →N3,

67,

• N1 > ="%’1,$2&" 2*=’5 1’$,% ?,0 #142* 2"6", 12" @’A3* 0 -, +"B,2 $2"C2. & -*1*%,;

• N2 > ="%’1,$2&" 2*=’5 1’$,% $ #142"+, 12" @’A3* 0 $"7,3B’2$C & 1’$%, 3"&-" "7’- 3*0 ’ $2"’2
-* D,3&"+ +,$2,;

• N3 > ="%’1,$2&" 2*=’5 1’$,% $ #142"+, 12" @’A3* 0 $"7,3B’2$C & 1’$%, 3"&-" 7&* 3*0* ’ "7-*
’0 -’5 $2"’2 -* D,3&"+ +,$2,.

E;1’$%’+ N1. F"%’1,$2&" $D"$"?"& &;?3*2. @’A3;, ="2"3;, ’$D"%.0#(2$C & 1’$%,, 3*&-" C4
7 , ="%’1,-

$2&" $D"$"?"& &;7,%’2. 7&, D"&2"3C(G’,$C @’A3; ’0 1,2;3,5 &;?3*--;5 > C2
4 , ="%’1,$2&" $D"$"?"&

3*$$2*&’2. &;?3*--;, @’A3; D" /,$2’ +,$2*+ >
6!

2! 2!
, D"H2"+#

N1 = C4
7 · C2

4 · 6!

2! 2!
=

7!

4! 3!
· 4!

2! 2!
· 6!

2! 2!
= 37800.



E;1’$%’+ N2. F"%’1,$2&" $D"$"?"& &;?3*2. @’A3;, ="2"3;, ’$D"%.0#(2$C & 1’$%,, D"+’+" -#%C,
3*&-" C3

6 , ="%’1,$2&" $D"$"?"& &;7,%’2. 7&, D"&2"3C(G’,$C @’A3; ’0 2345 &;?3*--;5 > C2
3 , ="%’1,-

$2&" $D"$"?"& 3*$$2*&’2. &;?3*--;, @’A3; D" DC2’ +,$2*+ (+,$2* 7%C @’A3 & /,$2’0-*1-"+ 1’$%,,

=3"+, D,3&"6" +,$2*, 67, $2"’2 0) > H2"
5!

2! 2!
, $%,7"&*2,%.-",

N2 = C3
6 · C2

3 · 5!

2! 2!
=

6!

3! 3!
· 3!
2!

· 5!

2! 2!
= 1800.

I-*%"6’1-" &;1’$%C,2$C N3:
N3 = C3

6 · C1
3 · 5!

2!
= 3600.

J="-1*2,%.-" D"%#1*,+:
N = 37800→ 1800→ 3600 = 32400.

3. [4 !"##"] SIP:6I 5:56IL4 49=J>I>:H:
]︃
log

x
(5y → x) · log

y
(5x→ y) = 4,

log
x
(5x→ y) + log

y
(5y → x) = 4.

!"#$":
⌊︃
3 +

↑
3; 3→

↑
3
⌋︃
,
⌊︃
3→

↑
3; 3 +

↑
3
⌋︃
, (4; 4).

%$&$’($. JK< ’$5"7-": $’$2,+; ,$2. x > 0, x ↓= 1, y > 0, y ↓= 1, 5y → x > 0, 5x→ y > 0.

E"$D"%.0#,+$C A"3+#%": loga c · logb d = loga d · logb c ’ D,3,:7,+ = 3*&-"$’%.-": $’$2,+,:
]︃
logx(5x→ y) · logy(5y → x) = 4,

logx(5x→ y) + logy(5y → x) = 4
↔

]︃
logx(5x→ y) = 2,

logy(5y → x) = 2
↔

]︃
x2 = 5x→ y,

y2 = 5y → x.

!"$%,7-CC $’$2,+* ’+,,2 1,2;3, 3,/,-’C: (0; 0),
⌊︃
3 +

↑
3; 3→

↑
3
⌋︃
,
⌊︃
3→

↑
3; 3 +

↑
3
⌋︃
, (4; 4). !*3* (0; 0)

-, %,B’2 & JK< ’$5"7-": $’$2,+;.

4. [5 !"##$%] % 69I4M<@7>:EI ABC ;9<JIGI>= O:55IE69:5= AN . "O<?>=A:L AI9I? Q 6<AE4 ;I9I5I-
AI>:D ;9<G<@FI>:D JB5<6B BP 69I4M<@7>:E= ABC ?= 6<AE4 P 5 <;:5=>><H <E<@< N6<M< 69I-
4M<@7>:E= <E94F><567T 𝜔. -=HG:6I ;@<U=G7 69I4M<@7>:E= BCQ, I5@: BC = 24, 4M@B ↭BNA

: ↭BAC 9=J>B, = 9=G:45 <E94F><56: 𝜔 9=JI> 13.

!"#$": 216.

%$&$’($. !"$="%.=# D3"7"%B,-’, &;$"2; BP 0* 2"1=# P D,3,$,=*,2 "D’$*--#( "=3#B-"$2., #6%;
A ’ C > "$23;,. J?"0-*1’+ ↭BAN = 𝜔. !" #$%"&’( ↭ANB = 2𝜔. K*--;: #6"% C&%C,2$C &-,/-’+ 7%C
23,#6"%.-’=* ANC, D3’14+ ↭NAC = 𝜔, D"H2"+# ↭NCA = ↭ANB → ↭NAC = 𝜔. 80 D3C+"#6"%.-"6"
23,#6"%.-’=* BPC -*5"7’+ ↭CBP = 90→→↭BCP = 90→→𝜔. ED’$*--;, #6%; QCA ’ QBA "D’3*(2$C
-* "7-# 7#6#, * ↭QBA = 90→ → ↭BAC = 90→ → 2𝜔, D"H2"+#

↭QCB = ↭QCA+ ↭ACB = 90→ → 2𝜔+ 𝜔 = 90→ → 𝜔 = ↭QBC.



82*=, 23,#6"%.-’= BCQ > 3*&-"?,73,--;:, * ↭BQC = 2𝜔.
!#$2. R > 3*7’#$ "=3#B-"$2’. !" 2,"3,+, $’-#$"&

sin 2𝜔 =
BC

2R
=

12

13
,

"2=#7* cos 2𝜔 =
5

13
. !%"G*7. 23,#6"%.-’=* BQC 3*&-*

SBQC =
1

2
BQ2 sin 2𝜔 =

1

2

)︃
BC

2 cos↭CBQ

[︃2

sin 2𝜔 =

= BC2 sin 2𝜔

8 sin2 𝜔
= BC2 sin 2𝜔

4(1→ cos 2𝜔)
= 216.

5. [5 !"##$%] SIP:6I >I9=JI>56J<
⌈︃
1→ cos x cos

𝜀

8

⌉︃2

→ sin2
x sin2 𝜀

8
+
⌈︃
2 sin 2x→

↑
2
⌉︃2

↫ 0.

!"#$":
𝜀

8
+ 2𝜀k, k ↗ Z.

%$&$’($. E;3*B,-’, ⌈︃
1→ cosx cos

𝜀

8

⌉︃2
→ sin2 x sin2

𝜀

8

D3’&"7’2$C = D"%-"+# =&*73*2#
⌈︃
cosx→ cos

𝜀

8

⌉︃2
, D"H2"+# -,3*&,-$2&" D3’-’+*,2 &’7

⌈︃
cosx→ cos

𝜀

8

⌉︃2
+
⌈︃
2 sin 2x→

↑
2
⌉︃2

↫ 0.

E $’%# -,"23’@*2,%.-"$2’ "?"’5 $%*6*,+;5 & %,&": 1*$2’ 7*--", -,3*&,-$2&" 3*&-"$’%.-" $’$2,+,
{︃
}︃⟨

}︃⟩

cosx = cos
𝜀

8
,

sin 2x =

↑
2

2
,

"2=#7* x =
𝜀

8
+ 2𝜀k, k ↗ Z.

6. [6 !"##$%] % AI6B9KC4M<@7><H ;:9=L:GI SABCD :?JI56>B G@:>B J5IC 9KOI9: AB = BC =
CD = DA = 5, SB = 2

↑
5, SA = SC = 3

↑
5, SD = 2

↑
10. #RI9= 𝜔 5 G:=LI69<L SB ;I9I5IE=I6

M9=>: ;:9=L:GB ;< L><FI56J4, 5<56<DUIL4 :? 6<AE: S : @:>:: L, >I 5<GI9F=UIH 6<AE4 S.
-=HG:6I G@:>4 @:>:: L.

!"#$": 4
↑
5 arctg

↑
5

2
+

5

3
𝜀.

%$&$’($. <*+,2’+, 12" 23,#6"%.-’=’ SBC ’ SBA > D3C+"#6"%.-;, $ D3C+;+ #6%"+ B, D"H2"+#
3,?3" SB ,$2. &;$"2* D’3*+’7;. I & D3C+"#6"%.-"+ 23,#6"%.-’=, SBD 6’D"2,-#0* SD &

↑
2



?"%./, =*2,2* SB, D"H2"+# H2"2 23,#6"%.-’= 3*&-"?,7-
3,--;:, ’ SB = BD. 9A,3* 𝜗 D,3,$,=*,2 63*-’ D’3*-
+’7; D" 7#6*+ "=3#B-"$2,:. E $’%# $’++,23’’ "2-"$’-
2,%.-" D%"$="$2’ SBD 7#6’ & 63*-C5 SBA ’ SBC 3*&-;
+,B7# $"?":. I-*%"6’1-" 3*&-; ’ 7#6’ & 63*-C5 SAD ’
SCD. L*$$+"23’+ $-*1*%* 63*-. SBA.
M3*-. SBA D3"5"7’2 1,3,0 @,-23 𝜗, * AB =*$*,2$C H2":
$A,3;, D"H2"+# ’$="+*C 7#6* BP ,$2. 7#6* "=3#B-"$2’,
D"$23",--": -* SB =*= -* 7’*+,23,, D"D*7*(G*C &-#23.
D3C+"#6"%.-"6" 23,#6"%.-’=* SBA. N4 7%’-* ("?"0-*-

1’+ ,4 1,3,0 L1) 3*&-* D3"’0&,7,-’( 3*7’#$* r1 =
SB

2
-* #7&",--#( (D"$="%.=# H2"2 #6"% C&%C,2$C &D’$*--;+)
3*7’*--#( +,3# ↭BSA:

L1 = r1 · 2↭BSA =
SB

2
· 2 arctg AB

SB
= 2

↑
5 arctg

↑
5

2
.

O,D,3. 3*$$+"23’+ 63*-. SAD ’ 7#6# PQ, D" ="2"3": $A,3* 𝜗 D,3,$,=*,2 H2# 63*-.. J?"0-*1’+ ,4
7%’-# 1,3,0 L2.
E,%’1’-* L2 3*&-* D3"’0&,7,-’( 3*7’#$* r2 "=3#B-"-
$2’, %,B*G,: & D,3,$,1,-’’ $A,3; 𝜗 $ D%"$="$2.( SAD,
-* #7&",--#( 3*7’*--#( +,3# &D’$*--"6" ↭ASD, "D’3*-
(G,6"$C -* 7#6# PQ. )*:7,+ H2"2 #6"% $ D"+"G.( 2,"-
3,+; ="$’-#$"&:

cos↭ASD =
SA2 + SD2 →AD2

2SA · SD =
1↑
2
.

<-*1’2, ↭ASD =
𝜀

4
.

O,D,3. &;1’$%’+ 3*7’#$ r2, -*:7C 3*$$2"C-’, "2 @,-23*
$A,3; O 7" D%"$="$2’ SAD. !#$2. BH > &;$"2* 23,-
#6"%.-’=* BAD. !"$="%.=# SB ↘ (ABD), D" 2,"3,+,
" 2345 D,3D,-7’=#%C3*5 SH ↘ AD. <-*1’2, D%"$="$2.
SBH D,3D,-7’=#%C3-* D3C+": AD. !"H2"+# D%"$="$2’
SBH ’ SAD D,3D,-7’=#%C3-;. !#$2. O1 > 2"1=* -* "2-
3,0=, SH 2*=*C, 12" OO1 ↘ SH. !"$="%.=# D3C+*C OO1

1

%,B’2 & D%"$="$2’ SBH, OO1 ↘ AD. <-*1’2, OO1 ↘ (SAD). 9%,7"&*2,%.-", 7%’-* "23,0=* OO1 3*&-*
3*$$2"C-’( "2 2"1=’ O 7" D%"$="$2’ SAD. L*7’#$ r2 3*&,-

r2 =
⧸︃
r21 →OO2

1 =
⧸︃
OS2 →OO2

1 = SO1.

80 D"7"?-;5 D3C+"#6"%.-;5 23,#6"%.-’="& SOO1 ’ SHB -*5"7’+ SO1 = SO · SB
SH

. E;3*B*C 7&#+C
$D"$"?*+’ D%"G*7. 23,#6"%.-’=* SAD, D"%#1*,+

SH ·AD = SA · SD · sin 𝜀

4
≃ SH = 6.

82*=, r2 = SO1 = SO · SB
SH

=
2
↑
5

2
· 2

↑
5

6
=

5

3
. !"H2"+#

L2 = r2 · 2↭ASD =
5

3
· 𝜀
2
.

J="-1*2,%.-" -*5"7’+ ’$="+#( 7%’-# %’-’’

L = 2L1 + 2L2 = 4
↑
5 arctg

↑
5

2
+

5

3
𝜀.



7. [6 !"##$%] -=HG:6I J5I !"#"$%&’#()*’ ?>=AI>:D ;=9=LI69= a, ;9: E<6<9BC 5:56IL=
]︃
x
2 + y

2 → 2x→ 6y + 6 = 0,

(|x|→ |x→ a|→ a)y = 2(x→ a)

:LII6 9<J>< GJ= 9IPI>:D.

!"#$": a ↗
)︃
3

4
; 1

⧹︃
⇐ {3}.

%$&$’($.

!3,"?3*0#,+ D,3&", #3*&-,-’, $’$2,+;:

(x→ 1)2 + (y → 3)2 = 4. (1)

P2" #3*&-,-’, "=3#B-"$2’ $ @,-23"+ (1; 3) ’ 3*7’#$"+ 2.

L*$$+"23’+ &2"3", #3*&-,-’, $’$2,+;.

• !3’ x ↬ a #3*&-,-’,

(|x|→ |x→ a|→ a)y = 2(x→ a) ⇒≃ (x→ (x→ a)→ a)y = 2(x→ a) ⇒≃ x = a (2)

0*7*42 &,32’=*%.-#( D3C+#(. P2* D3C+*C D,3,$,=*,2 "=3#B-"$2. (1) & 7&#5 2"1=*5 D3’ a ↗ (0; 3),
=*$*,2$C 7*--": "=3#B-"$2’ & "7-": 2"1=, D3’ a = 3 ’ -, D,3,$,=*,2 ,4 D3’ a > 3.

• !3’ x ↗ [0; a) #3*&-,-’,

(|x|→ |x→ a|→ a)y = 2(x→ a) ⇒≃ (x+ (x→ a)→ a)y = 2(x→ a) ⇒≃ y = 1

$ #142"+ "63*-’1,-’: -* x 0*7*42 D"%#’-2,3&*%

{(x; y) | x ↗ [0; a), y = 1}. (3)

P2"2 D"%#’-2,3&*% ’+,,2 $ "=3#B-"$2.( (1) 3"&-" "7-# "?G#( 2"1=# D3’ a > 1, ’ -, D,3,$,=*,2
,4 D3’ 0 < a ↫ 1.

43211 2
1
2
3
4
5



• !3’ x < 0

(|x|→ |x→ a|→ a)y = 2(x→ a) ⇒≃ (→x+ (x→ a)→ a)y = 2(x→ a) ⇒≃ x+ ay → a = 0.

!"%#1,--", #3*&-,-’, $ #142"+ "63*-’1,-’: -* x 0*7*42 %#1

{(x; y) | x < 0, x+ ay → a = 0}. (4)

P2"2 %#1 =*$*,2$C "=3#B-"$2’ (1) D3’

|1 + 3a→ a|↑
1 + a2

= 2 ⇒≃ 4a2 + 4a+ 1 = 4 + 4a2 ⇒≃ a =
3

4
.

<-*1’2, D3’ a =
3

4
%#1 =*$*,2$C "=3#B-"$2’, D3’ a ↗

)︃
0;

3

4

[︃
> D,3,$,=*,2 ,4 & 7&#5 2"1=*5, *

D3’ a >
3

4
> -, ’+,,2 $ -,: "?G’5 2"1,=.

82*=, ’$5"7-*C $’$2,+* ’+,,2 3"&-" 7&* 3,/,-’C & 7&#5 $%#1*C5:

1) "=3#B-"$2. (1) D,3,$,=*,2 ’+,,2 7&, "?G’, 2"1=’ $ "7-’+ ’0 +-"B,$2&: D3C+": (2), D"%#’-2,3-
&*%"+ (3), %#1"+ (4), ’ -, D,3,$,=*,2$C $ 7&#+C 73#6’+’;

2) "=3#B-"$2. (1) ’+,,2 D" "7-": "?G,: 2"1=, $ 7&#+C ’0 2345 +-"B,$2&, * $ "$2*&/’+$C 23,2.’+ >
-, D,3,$,=*,2$C.

!,3&;: $%#1*: 3,*%’0#,2$C D3’ a ↗
)︃
3

4
, 1

⧹︃
, * &2"3": > D3’ a = 3. !"%#1*,+ ’$="+", +-"B,$2&"

0-*1,-’: D*3*+,23* a ↗
)︃
3

4
; 1

⧹︃
⇐ {3}.



!"#$"%#$&’
(&)&$"-*+,-&.+#$&’

&-#*&*/*

"0&!1&232 "(&)*+,"
1" !2*+!2*&$+

11 !"#$$. %&’(&)* 2

1. [3 !"##"] 14567 a, b, c 8 69: ;<;=9>< 9=?@:A>BC A:5@=. 3@D E=FG<H ;=9B :? A:5I@ a, b : c

JB;:5BJ=I65D ;9:JIGK>>BH EJ=G9=6>BH 69KCA@I>, E<9>DL: E<6<9<M< DJ@DI65D N6= ;=9= A:5I@.
"O<?>=A:L ;<@4AI>>BI 69KCA@I>B f1, f2, f3. -=HG:6I 54LL4 S = a

2 + b
2 + c

2, I5@: >=:LI>7PII
?>=AI>:I 69KCA@I>= f = f1 + f2 + f3 9=J>< →7, = f(0) = 5. (#=L: A:5@= a, b : c >I G=>B.)

!"#$": 26.

%$&$’($. !" #$%"&’(

f(x) = (x→ a)(x→ b) + (x→ b)(x→ c) + (x→ c)(x→ a) =

= 3x2 → 2(a+ b+ c)x+ (ab+ bc+ ca).

)*’+,-./,, 0-*1,-’, 23451%,-* 3*&-" f(x0), 67, x0 =
a+ b+ c

3
. 8+,,+:

f(x0) = 3

)︃
a+ b+ c

3

[︃2

→ 2(a+ b+ c)

)︃
a+ b+ c

3

[︃
+ (ab+ bc+ ca) =

= →1

3
(a+ b+ c)2 + (ab+ bc+ ca) = →1

3
(a2 + b2 + c2 + 2ab+ 2ac+ 2bc) + ab+ bc+ ca =

= →1

3
(a2 + b2 + c2) +

1

3
(ab+ bc+ ca) = →7.

9 73#6": $2"3"-;, f(0) = ab+ bc+ ca = 5. <-*1’2, a2 + b2 + c2 = 5→ 3 · (→7) = 26.

2. [4 !"##"] #E<@7E< 5IL:?>=A>BC A:5I@ L<F>< 5<56=J:67 :? Q:R9 0, 1, 2, 3, 4, 5, 6, 8 : 9, A6<OB
GJI :? N6:C Q:R9 :5;<@7?<J=@:57 J ?=;:5: A:5@= 9<J>< ;< 69: 9=?=, = <56=@7>BI Q:R9B 8 >I
O<@II <G><M< 9=?=?

!"#$": C3
9C

2
3

7!

(3!)2
→ C

2
8C

2
2

6!

(3!)2
→ C

2
8C

1
2

6!

3!2!
= 31360.

%$&$’($. 8$="+", ="%’1,$2&" 1’$,% 3*&-"

N = N1 →N2 →N3,

67,

• N1 > ="%’1,$2&" 2*=’5 1’$,% ?,0 #142* 2"6", 12" @’A3* 0 -, +"B,2 $2"C2. & -*1*%,;

• N2 > ="%’1,$2&" 2*=’5 1’$,% $ #142"+, 12" @’A3* 0 $"7,3B’2$C & 1’$%, 3"&-" "7’- 3*0 ’ $2"’2
-* D,3&"+ +,$2,;

• N3 > ="%’1,$2&" 2*=’5 1’$,% $ #142"+, 12" @’A3* 0 $"7,3B’2$C & 1’$%, 3"&-" 23’ 3*0* ’ "7-*
’0 -’5 $2"’2 -* D,3&"+ +,$2,.

E;1’$%’+ N1. F"%’1,$2&" $D"$"?"& &;?3*2. @’A3;, ="2"3;, ’$D"%.0#(2$C & 1’$%,, 3*&-" C3
9 , ="%’-

1,$2&" $D"$"?"& &;7,%’2. 7&, D"&2"3C(G’,$C @’A3; ’0 23,5 &;?3*--;5 > C2
3 , ="%’1,$2&" $D"$"?"&

3*$$2*&’2. &;?3*--;, @’A3; D" $,+’ +,$2*+ >
7!

3! 3!
, D"H2"+#

N1 = C3
9 · C2

3 · 7!

3! 3!
=

9!

3! 6!
· 3!
2!

· 7!

3! 3!
= 35280.



E;1’$%’+ N2. F"%’1,$2&" $D"$"?"& &;?3*2. @’A3;, ="2"3;, ’$D"%.0#(2$C & 1’$%,, D"+’+" -#%C,
3*&-" C2

8 , ="%’1,$2&" $D"$"?"& &;7,%’2. 7&, D"&2"3C(G’,$C @’A3; ’0 7&#5 &;?3*--;5 > C2
2 , ="%’-

1,$2&" $D"$"?"& 3*$$2*&’2. &;?3*--;, @’A3; D" /,$2’ +,$2*+ (+,$2* 7%C @’A3 & $,+’0-*1-"+ 1’$%,,

=3"+, D,3&"6" +,$2*, 67, $2"’2 0) > H2"
6!

3! 3!
, $%,7"&*2,%.-",

N2 = C2
8 · C2

2 · 6!

3! 3!
=

8!

2! 6!
· 2!
2!

· 6!

3! 3!
= 560.

I-*%"6’1-" &;1’$%C,2$C N3:
N3 = C2

8 · C1
2 · 6!

3! 2!
= 3360.

J="-1*2,%.-" D"%#1*,+:
N = 35280→ 560→ 3360 = 31360.

3. [4 !"##"] SIP:6I 5:56IL4 49=J>I>:H:
]︃
log

x
(4y → x) · log

y
(4x→ y) = 4,

log
x
(4x→ y) + log

y
(4y → x) = 4.

!"#$":

⧸︁
5 +

↑
5

2
;
5→

↑
5

2

⃥︁
,

⧸︁
5→

↑
5

2
;
5 +

↑
5

2

⃥︁
, (3; 3).

%$&$’($. JK< ’$5"7-": $’$2,+; ,$2. x > 0, x ↓= 1, y > 0, y ↓= 1, 4y → x > 0, 4x→ y > 0.

E"$D"%.0#,+$C A"3+#%": loga c · logb d = loga d · logb c ’ D,3,:7,+ = 3*&-"$’%.-": $’$2,+,:
]︃
logx(4x→ y) · logy(4y → x) = 4,

logx(4x→ y) + logy(4y → x) = 4
↔

]︃
logx(4x→ y) = 2,

logy(4y → x) = 2
↔

]︃
x2 = 4x→ y,

y2 = 4y → x.

!"$%,7-CC $’$2,+* ’+,,2 1,2;3, 3,/,-’C: (0; 0),

⧸︁
5 +

↑
5

2
;
5→

↑
5

2

⃥︁
,

⧸︁
5→

↑
5

2
;
5 +

↑
5

2

⃥︁
, (3; 3). !*3*

(0; 0) -, %,B’2 & JK< ’$5"7-": $’$2,+;.

4. [5 !"##$%] % 69I4M<@7>:EI ABC ;9<JIGI>= O:55IE69:5= AN . "O<?>=A:L AI9I? Q 6<AE4 ;I9I5I-
AI>:D ;9<G<@FI>:D JB5<6B BP 69I4M<@7>:E= ABC ?= 6<AE4 P 5 <;:5=>><H <E<@< N6<M< 69I-
4M<@7>:E= <E94F><567T 𝜔. -=HG:6I ;@<U=G7 69I4M<@7>:E= BCQ, I5@: BC = 30, 4M@B ↭BNA

: ↭BAC 9=J>B, = 9=G:45 <E94F><56: 𝜔 9=JI> 17.

!"#$": 375.

%$&$’($. !"$="%.=# D3"7"%B,-’, &;$"2; BP 0* 2"1=# P D,3,$,=*,2 "D’$*--#( "=3#B-"$2., #6%;
A ’ C > "$23;,. J?"0-*1’+ ↭BAN = 𝜔. !" #$%"&’( ↭ANB = 2𝜔. K*--;: #6"% C&%C,2$C &-,/-’+ 7%C
23,#6"%.-’=* ANC, D3’14+ ↭NAC = 𝜔, D"H2"+# ↭NCA = ↭ANB → ↭NAC = 𝜔. 80 D3C+"#6"%.-"6"
23,#6"%.-’=* BPC -*5"7’+ ↭CBP = 90→→↭BCP = 90→→𝜔. ED’$*--;, #6%; QCA ’ QBA "D’3*(2$C
-* "7-# 7#6#, * ↭QBA = 90→ → ↭BAC = 90→ → 2𝜔, D"H2"+#

↭QCB = ↭QCA+ ↭ACB = 90→ → 2𝜔+ 𝜔 = 90→ → 𝜔 = ↭QBC.



82*=, 23,#6"%.-’= BCQ > 3*&-"?,73,--;:, * ↭BQC = 2𝜔.
!#$2. R > 3*7’#$ "=3#B-"$2’. !" 2,"3,+, $’-#$"&

sin 2𝜔 =
BC

2R
=

15

17
,

"2=#7* cos 2𝜔 =
8

17
. !%"G*7. 23,#6"%.-’=* BQC 3*&-*

SBQC =
1

2
BQ2 sin 2𝜔 =

1

2

)︃
BC

2 cos↭CBQ

[︃2

sin 2𝜔 =

= BC2 sin 2𝜔

8 sin2 𝜔
= BC2 sin 2𝜔

4(1→ cos 2𝜔)
= 375.

5. [5 !"##$%] SIP:6I >I9=JI>56J<

→
⌈︃
1→ sin x sin

𝜀

8

⌉︃2

+ cos2 x cos2
𝜀

8
→

⌈︃
2 cos 2x→

↑
2
⌉︃2

↬ 0.

!"#$":
𝜀

8
+ 2𝜀k, x =

7𝜀

8
+ 2𝜀k, k ↗ Z.

%$&$’($. E;3*B,-’,
→
⌈︃
1→ sinx sin

𝜀

8

⌉︃2
+ cos2 x cos2

𝜀

8

D3’&"7’2$C = D"%-"+# =&*73*2# →
⌈︃
sinx→ sin

𝜀

8

⌉︃2
, D"H2"+# -,3*&,-$2&" D3’-’+*,2 &’7

⌈︃
sinx→ sin

𝜀

8

⌉︃2
+
⌈︃
2 cos 2x→

↑
2
⌉︃2

↫ 0.

E $’%# -,"23’@*2,%.-"$2’ "?"’5 $%*6*,+;5 & %,&": 1*$2’ 7*--", -,3*&,-$2&" 3*&-"$’%.-" $’$2,+,
{︃
}︃⟨

}︃⟩

sinx = sin
𝜀

8
,

cos 2x =

↑
2

2
,

"2=#7* x =
𝜀

8
+ 2𝜀k, x =

7𝜀

8
+ 2𝜀k, k ↗ Z.

6. [6 !"##$%] % AI6B9KC4M<@7><H ;:9=L:GI SABCD :?JI56>B G@:>B J5IC 9KOI9: AB = BC =
CD = DA =

↑
14, SB = 2, SA = SC = 3

↑
2, SD = 2

↑
2. #RI9= 𝜔 5 G:=LI69<L SB ;I9I5IE=I6

M9=>: ;:9=L:GB ;< L><FI56J4, 5<56<DUIL4 :? 6<AE: S : @:>:: L, >I 5<GI9F=UIH 6<AE4 S.
-=HG:6I G@:>4 @:>:: L.

!"#$": 4 arctg
⎛

7

2
+

4

9

⎛
14

3
𝜀.

%$&$’($. <*+,2’+, 12" 23,#6"%.-’=’ SBC ’ SBA > D3C+"#6"%.-;, $ D3C+;+ #6%"+ B, D"H2"+#
3,?3" SB ,$2. &;$"2* D’3*+’7;. I & D3C+"#6"%.-"+ 23,#6"%.-’=, SBD 6’D"2,-#0* SD &

↑
2 3*0



?"%./, =*2,2* SB, D"H2"+# H2"2 23,#6"%.-’= 3*&-"?,7-
3,--;:, ’ SB = BD. 9A,3* 𝜗 D,3,$,=*,2 63*-’ D’3*-
+’7; D" 7#6*+ "=3#B-"$2,:. E $’%# $’++,23’’ "2-"$’-
2,%.-" D%"$="$2’ SBD 7#6’ & 63*-C5 SBA ’ SBC 3*&-;
+,B7# $"?":. I-*%"6’1-" 3*&-; ’ 7#6’ & 63*-C5 SAD ’
SCD. L*$$+"23’+ $-*1*%* 63*-. SBA.
M3*-. SBA D3"5"7’2 1,3,0 @,-23 𝜗, * AB =*$*,2$C H2":
$A,3;, D"H2"+# ’$="+*C 7#6* BP ,$2. 7#6* "=3#B-"$2’,
D"$23",--": -* SB =*= -* 7’*+,23,, D"D*7*(G*C &-#23.
D3C+"#6"%.-"6" 23,#6"%.-’=* SBA. N4 7%’-* ("?"0-*-

1’+ ,4 1,3,0 L1) 3*&-* D3"’0&,7,-’( 3*7’#$* r1 =
SB

2
-* #7&",--#( (D"$="%.=# H2"2 #6"% C&%C,2$C &D’$*--;+)
3*7’*--#( +,3# ↭BSA:

L1 = r1·2↭BSA =
SB

2
·2 arctg AB

SB
= 2arctg

↑
14

2
= 2 arctg

⎛
7

2
.

O,D,3. 3*$$+"23’+ 63*-. SAD ’ 7#6# PQ, D" ="2"3": $A,3* 𝜗 D,3,$,=*,2 H2# 63*-.. J?"0-*1’+ ,4
7%’-# 1,3,0 L2.
E,%’1’-* L2 3*&-* D3"’0&,7,-’( 3*7’#$* r2 "=3#B-"-
$2’, %,B*G,: & D,3,$,1,-’’ $A,3; 𝜗 $ D%"$="$2.( SAD,
-* #7&",--#( 3*7’*--#( +,3# &D’$*--"6" ↭ASD, "D’3*-
(G,6"$C -* 7#6# PQ. )*:7,+ H2"2 #6"% $ D"+"G.( 2,"-
3,+; ="$’-#$"&:

cos↭ASD =
SA2 + SD2 →AD2

2SA · SD =
1

2
.

<-*1’2, ↭ASD =
𝜀

3
.

O,D,3. &;1’$%’+ 3*7’#$ r2, -*:7C 3*$$2"C-’, "2 @,-23*
$A,3; O 7" D%"$="$2’ SAD. !#$2. BH > &;$"2* 23,-
#6"%.-’=* BAD. !"$="%.=# SB ↘ (ABD), D" 2,"3,+,
" 2345 D,3D,-7’=#%C3*5 SH ↘ AD. <-*1’2, D%"$="$2.
SBH D,3D,-7’=#%C3-* D3C+": AD. !"H2"+# D%"$="$2’
SBH ’ SAD D,3D,-7’=#%C3-;. !#$2. O1 > 2"1=* -* "2-
3,0=, SH 2*=*C, 12" OO1 ↘ SH. !"$="%.=# D3C+*C OO1

1

%,B’2 & D%"$="$2’ SBH, OO1 ↘ AD. <-*1’2, OO1 ↘ (SAD). 9%,7"&*2,%.-", 7%’-* "23,0=* OO1 3*&-*
3*$$2"C-’( "2 2"1=’ O 7" D%"$="$2’ SAD. L*7’#$ r2 3*&,-

r2 =
⧸︃
r21 →OO2

1 =
⧸︃
OS2 →OO2

1 = SO1.

80 D"7"?-;5 D3C+"#6"%.-;5 23,#6"%.-’="& SOO1 ’ SHB -*5"7’+ SO1 = SO · SB
SH

. E;3*B*C 7&#+C
$D"$"?*+’ D%"G*7. 23,#6"%.-’=* SAD, D"%#1*,+

SH ·AD = SA · SD · sin 𝜀

3
≃ SH = 6

⎛
3

14
.

82*=, r2 = SO1 = SO · SB
SH

=
2

2
· 2

6
⎞
3/14

=

↑
14

3
↑
3
. !"H2"+#

L2 = r2 · 2↭ASD =

↑
14

3
↑
3
· 2𝜀
3

=
2𝜀

9

⎛
14

3
.

J="-1*2,%.-" -*5"7’+ ’$="+#( 7%’-# %’-’’

L = 2L1 + 2L2 = 4arctg

⎛
7

2
+

4

9

⎛
14

3
𝜀.



7. [6 !"##$%] -=HG:6I J5I !"#"$%&’#()*’ ?>=AI>:D ;=9=LI69= a, ;9: E<6<9BC 5:56IL=
]︃
x
2 + y

2 → 6x+ 14y + 42 = 0,

(|x|→ |x→ a|→ a)y = 6(a→ x)

:LII6 9<J>< GJ= 9IPI>:D.

!"#$":
)︃
7

8
, 3

⧹︃
⇐ {7}.

%$&$’($. !3,"?3*0#,+ D,3&", #3*&-,-’, $’$2,+;:

(x→ 3)2 + (y + 7)2 = 16. (5)

P2" #3*&-,-’, "=3#B-"$2’ $ @,-23"+ (3;→7) ’ 3*7’#$"+ 4.

L*$$+"23’+ &2"3", #3*&-,-’, $’$2,+;.

• !3’ x ↬ a #3*&-,-’,

(|x|→ |x→ a|→ a)y = 6(a→ x) ⇒≃ (x→ (x→ a)→ a)y = 6(a→ x) ⇒≃ x = a (6)

0*7*42 &,32’=*%.-#( D3C+#(. P2* D3C+*C D,3,$,=*,2 "=3#B-"$2. (5) & 7&#5 2"1=*5 D3’ a ↗ (0; 7),
=*$*,2$C 7*--": "=3#B-"$2’ & "7-": 2"1=, D3’ a = 7 ’ -, D,3,$,=*,2 ,4 D3’ a > 7.

• !3’ x ↗ [0; a) #3*&-,-’,

(|x|→ |x→ a|→ a)y = 6(a→ x) ⇒≃ (x+ (x→ a)→ a)y = →6(x→ a) ⇒≃ y = →3

$ #142"+ "63*-’1,-’: -* x 0*7*42 D"%#’-2,3&*%

{(x; y) | x ↗ [0; a), y = →3}. (7)

P2"2 D"%#’-2,3&*% ’+,,2 $ "=3#B-"$2.( (5) 3"&-" "7-# "?G#( 2"1=# D3’ a > 3, ’ -, D,3,$,=*,2
,4 D3’ 0 < a ↫ 3.

43 5 6 7211 1 2

4567891011

77 823



• !3’ x < 0

(|x|→ |x→ a|→ a)y = 6(a→ x) ⇒≃ (→x+ (x→ a)→ a)y = 6(a→ x) ⇒≃ 3x→ ay → 3a = 0.

!"%#1,--", #3*&-,-’, $ #142"+ "63*-’1,-’: -* x 0*7*42 %#1

{(x; y) | x < 0, 3x→ ay → 3a = 0}. (8)

P2"2 %#1 =*$*,2$C "=3#B-"$2’ (5) D3’

|9 + 7a→ 3a|↑
9 + a2

= 4 ⇒≃ 16a2 + 72a+ 81 = 16(9 + a2) ⇒≃ a =
7

8
.

<-*1’2, D3’ a =
7

8
%#1 =*$*,2$C "=3#B-"$2’, D3’ a ↗

)︃
0;

7

8

[︃
> D,3,$,=*,2 ,4 & 7&#5 2"1=*5, *

D3’ a >
7

8
> -, ’+,,2 $ -,: "?G’5 2"1,=.

82*=, ’$5"7-*C $’$2,+* ’+,,2 3"&-" 7&* 3,/,-’C & 7&#5 $%#1*C5:

1) "=3#B-"$2. (5) D,3,$,=*,2 ’+,,2 7&, "?G’, 2"1=’ $ "7-’+ ’0 +-"B,$2&: D3C+": (6), D"%#’-2,3-
&*%"+ (7), %#1"+ (8), ’ -, D,3,$,=*,2$C $ 7&#+C 73#6’+’;

2) "=3#B-"$2. (5) ’+,,2 D" "7-": "?G,: 2"1=, $ 7&#+C ’0 2345 +-"B,$2&, * $ "$2*&/’+$C 23,2.’+ >
-, D,3,$,=*,2$C.

!,3&;: $%#1*: 3,*%’0#,2$C D3’ a ↗
)︃
7

8
, 3

⧹︃
, * &2"3": > D3’ a = 7. !"%#1*,+ ’$="+", +-"B,$2&"

0-*1,-’: D*3*+,23* a ↗
)︃
7

8
; 3

⧹︃
⇐ {7}.



!"#$"%#$&’
(&)&$"-*+,-&.+#$&’

&-#*&*/*

"0&!1&232 "(&)*+,"
1" !2*+!2*&$+

11 !"#$$. %&’(&)* 3

1. [3 !"##"] 14567 a, b, c 8 69: ;<;=9>< 9=?@:A>BC A:5@=. 3@D E=FG<H ;=9B :? A:5I@ a, b : c

JB;:5BJ=I65D ;9:JIGK>>BH EJ=G9=6>BH 69KCA@I>, E<9>DL: E<6<9<M< DJ@DI65D N6= ;=9= A:5I@.
"O<?>=A:L ;<@4AI>>BI 69KCA@I>B f1, f2, f3. -=HG:6I 54LL4 S = a

2 + b
2 + c

2, I5@: >=:LI>7PII
?>=AI>:I 69KCA@I>= f = f1 + f2 + f3 9=J>< →1, = f(0) = 26. (#=L: A:5@= a, b : c >I G=>B.)

!"#$": 29.

%$&$’($. !" #$%"&’(

f(x) = (x→ a)(x→ b) + (x→ b)(x→ c) + (x→ c)(x→ a) =

= 3x2 → 2(a+ b+ c)x+ (ab+ bc+ ca).

)*’+,-./,, 0-*1,-’, 23451%,-* 3*&-" f(x0), 67, x0 =
a+ b+ c

3
. 8+,,+:

f(x0) = 3

)︃
a+ b+ c

3

[︃2

→ 2(a+ b+ c)

)︃
a+ b+ c

3

[︃
+ (ab+ bc+ ca) =

= →1

3
(a+ b+ c)2 + (ab+ bc+ ca) = →1

3
(a2 + b2 + c2 + 2ab+ 2ac+ 2bc) + ab+ bc+ ca =

= →1

3
(a2 + b2 + c2) +

1

3
(ab+ bc+ ca) = →1.

9 73#6": $2"3"-;, f(0) = ab+ bc+ ca = 26. <-*1’2, a2 + b2 + c2 = 26→ 3 · (→1) = 29.

2. [4 !"##"] #E<@7E< PI56:?>=A>BC A:5I@ L<F>< 5<56=J:67 :? Q:R9 0, 2, 3, 4, 7, 8 : 9, A6<OB GJI
:? N6:C Q:R9 :5;<@7?<J=@:57 J ?=;:5: A:5@= 9<J>< ;< GJ= 9=?=, = <56=@7>BI Q:R9B 8 >I O<@II
<G><M< 9=?=?

!"#$": C4
7C

2
4

6!

(2!)2
→ C

3
6C

2
3

5!

(2!)2
→ C

3
6C

1
3

5!

2!
= 32400.

%$&$’($. 8$="+", ="%’1,$2&" 1’$,% 3*&-"

N = N1 →N2 →N3,

67,

• N1 > ="%’1,$2&" 2*=’5 1’$,% ?,0 #142* 2"6", 12" @’A3* 0 -, +"B,2 $2"C2. & -*1*%,;

• N2 > ="%’1,$2&" 2*=’5 1’$,% $ #142"+, 12" @’A3* 0 $"7,3B’2$C & 1’$%, 3"&-" "7’- 3*0 ’ $2"’2
-* D,3&"+ +,$2,;

• N3 > ="%’1,$2&" 2*=’5 1’$,% $ #142"+, 12" @’A3* 0 $"7,3B’2$C & 1’$%, 3"&-" 7&* 3*0* ’ "7-*
’0 -’5 $2"’2 -* D,3&"+ +,$2,.

E;1’$%’+ N1. F"%’1,$2&" $D"$"?"& &;?3*2. @’A3;, ="2"3;, ’$D"%.0#(2$C & 1’$%,, 3*&-" C4
7 , ="%’1,-

$2&" $D"$"?"& &;7,%’2. 7&, D"&2"3C(G’,$C @’A3; ’0 1,2;3,5 &;?3*--;5 > C2
4 , ="%’1,$2&" $D"$"?"&

3*$$2*&’2. &;?3*--;, @’A3; D" /,$2’ +,$2*+ >
6!

2! 2!
, D"H2"+#

N1 = C4
7 · C2

4 · 6!

2! 2!
=

7!

4! 3!
· 4!

2! 2!
· 6!

2! 2!
= 37800.



E;1’$%’+ N2. F"%’1,$2&" $D"$"?"& &;?3*2. @’A3;, ="2"3;, ’$D"%.0#(2$C & 1’$%,, D"+’+" -#%C,
3*&-" C3

6 , ="%’1,$2&" $D"$"?"& &;7,%’2. 7&, D"&2"3C(G’,$C @’A3; ’0 2345 &;?3*--;5 > C2
3 , ="%’1,-

$2&" $D"$"?"& 3*$$2*&’2. &;?3*--;, @’A3; D" DC2’ +,$2*+ (+,$2* 7%C @’A3 & /,$2’0-*1-"+ 1’$%,,

=3"+, D,3&"6" +,$2*, 67, $2"’2 0) > H2"
5!

2! 2!
, $%,7"&*2,%.-",

N2 = C3
6 · C2

3 · 5!

2! 2!
=

6!

3! 3!
· 3!
2!

· 5!

2! 2!
= 1800.

I-*%"6’1-" &;1’$%C,2$C N3:
N3 = C3

6 · C1
3 · 5!

2!
= 3600.

J="-1*2,%.-" D"%#1*,+:
N = 37800→ 1800→ 3600 = 32400.

3. [4 !"##"] SIP:6I 5:56IL4 49=J>I>:H:
]︃
log

x
(7y → x) · log

y
(7x→ y) = 4,

log
x
(7x→ y) + log

y
(7y → x) = 4.

!"#$":
⌊︃
4 + 2

↑
2; 4→ 2

↑
2
⌋︃
,
⌊︃
4→ 2

↑
2; 4 + 2

↑
2
⌋︃
, (6; 6).

%$&$’($. JK< ’$5"7-": $’$2,+; ,$2. x > 0, x ↓= 1, y > 0, y ↓= 1, 7y → x > 0, 7x→ y > 0.

E"$D"%.0#,+$C A"3+#%": loga c · logb d = loga d · logb c ’ D,3,:7,+ = 3*&-"$’%.-": $’$2,+,:
]︃
logx(7x→ y) · logy(7y → x) = 4,

logx(7x→ y) + logy(7y → x) = 4
↔

]︃
logx(7x→ y) = 2,

logy(7y → x) = 2
↔

]︃
x2 = 7x→ y,

y2 = 7y → x.

!"$%,7-CC $’$2,+* ’+,,2 1,2;3, 3,/,-’C: (0; 0),
⌊︃
4 + 2

↑
2; 4→ 2

↑
2
⌋︃
,
⌊︃
4→ 2

↑
2; 4 + 2

↑
2
⌋︃
, (6; 6). !*3*

(0; 0) -, %,B’2 & JK< ’$5"7-": $’$2,+;.

4. [5 !"##$%] % 69I4M<@7>:EI ABC ;9<JIGI>= O:55IE69:5= AN . "O<?>=A:L AI9I? Q 6<AE4 ;I9I5I-
AI>:D ;9<G<@FI>:D JB5<6B BP 69I4M<@7>:E= ABC ?= 6<AE4 P 5 <;:5=>><H <E<@< N6<M< 69I-
4M<@7>:E= <E94F><567T 𝜔. -=HG:6I ;@<U=G7 69I4M<@7>:E= BCQ, I5@: BC = 80, 4M@B ↭BNA

: ↭BAC 9=J>B, = 9=G:45 <E94F><56: 𝜔 9=JI> 41.

!"#$": 2000.

%$&$’($. !"$="%.=# D3"7"%B,-’, &;$"2; BP 0* 2"1=# P D,3,$,=*,2 "D’$*--#( "=3#B-"$2., #6%;
A ’ C > "$23;,. J?"0-*1’+ ↭BAN = 𝜔. !" #$%"&’( ↭ANB = 2𝜔. K*--;: #6"% C&%C,2$C &-,/-’+ 7%C
23,#6"%.-’=* ANC, D3’14+ ↭NAC = 𝜔, D"H2"+# ↭NCA = ↭ANB → ↭NAC = 𝜔. 80 D3C+"#6"%.-"6"
23,#6"%.-’=* BPC -*5"7’+ ↭CBP = 90→→↭BCP = 90→→𝜔. ED’$*--;, #6%; QCA ’ QBA "D’3*(2$C
-* "7-# 7#6#, * ↭QBA = 90→ → ↭BAC = 90→ → 2𝜔, D"H2"+#

↭QCB = ↭QCA+ ↭ACB = 90→ → 2𝜔+ 𝜔 = 90→ → 𝜔 = ↭QBC.



82*=, 23,#6"%.-’= BCQ > 3*&-"?,73,--;:, * ↭BQC = 2𝜔.
!#$2. R > 3*7’#$ "=3#B-"$2’. !" 2,"3,+, $’-#$"&

sin 2𝜔 =
BC

2R
=

40

41
,

"2=#7* cos 2𝜔 =
9

41
. !%"G*7. 23,#6"%.-’=* BQC 3*&-*

SBQC =
1

2
BQ2 sin 2𝜔 =

1

2

)︃
BC

2 cos↭CBQ

[︃2

sin 2𝜔 =

= BC2 sin 2𝜔

8 sin2 𝜔
= BC2 sin 2𝜔

4(1→ cos 2𝜔)
= 2000.

5. [5 !"##$%] SIP:6I >I9=JI>56J<
⌈︃
1→ cos x cos

𝜀

6

⌉︃2

→ sin2
x sin2 𝜀

6
+ (2 cos 2x→ 1)2 ↫ 0.

!"#$": ±𝜀

6
+ 2𝜀k, k ↗ Z.

%$&$’($. E;3*B,-’, ⌈︃
1→ cosx cos

𝜀

6

⌉︃2
→ sin2 x sin2

𝜀

6

D3’&"7’2$C = D"%-"+# =&*73*2#
⌈︃
cosx→ cos

𝜀

6

⌉︃2
, D"H2"+# -,3*&,-$2&" D3’-’+*,2 &’7

⌈︃
cosx→ cos

𝜀

6

⌉︃2
+ (2 cos 2x→ 1)2 ↫ 0.

E $’%# -,"23’@*2,%.-"$2’ "?"’5 $%*6*,+;5 & %,&": 1*$2’ 7*--", -,3*&,-$2&" 3*&-"$’%.-" $’$2,+,
{︃
}︃⟨

}︃⟩

cosx = cos
𝜀

6
,

cos 2x =
1

2
,

"2=#7* x = ±𝜀

6
+ 2𝜀k, k ↗ Z.

6. [6 !"##$%] % AI6B9KC4M<@7><H ;:9=L:GI SABCD :?JI56>B G@:>B J5IC 9KOI9: AB = BC =
CD = DA =

↑
5, SB = 2, SA = SC = 3, SD = 2

↑
2. #RI9= 𝜔 5 G:=LI69<L SB ;I9I5IE=I6 M9=>:

;:9=L:GB ;< L><FI56J4, 5<56<DUIL4 :? 6<AE: S : @:>:: L, >I 5<GI9F=UIH 6<AE4 S. -=HG:6I
G@:>4 @:>:: L.

!"#$": 4 arctg
↑
5

2
+

↑
5

3
𝜀.

%$&$’($. <*+,2’+, 12" 23,#6"%.-’=’ SBC ’ SBA > D3C+"#6"%.-;, $ D3C+;+ #6%"+ B, D"H2"+#
3,?3" SB ,$2. &;$"2* D’3*+’7;. I & D3C+"#6"%.-"+ 23,#6"%.-’=, SBD 6’D"2,-#0* SD &

↑
2



?"%./, =*2,2* SB, D"H2"+# H2"2 23,#6"%.-’= 3*&-"?,7-
3,--;:, ’ SB = BD. 9A,3* 𝜗 D,3,$,=*,2 63*-’ D’3*-
+’7; D" 7#6*+ "=3#B-"$2,:. E $’%# $’++,23’’ "2-"$’-
2,%.-" D%"$="$2’ SBD 7#6’ & 63*-C5 SBA ’ SBC 3*&-;
+,B7# $"?":. I-*%"6’1-" 3*&-; ’ 7#6’ & 63*-C5 SAD ’
SCD. L*$$+"23’+ $-*1*%* 63*-. SBA.
M3*-. SBA D3"5"7’2 1,3,0 @,-23 𝜗, * AB =*$*,2$C H2":
$A,3;, D"H2"+# ’$="+*C 7#6* BP ,$2. 7#6* "=3#B-"$2’,
D"$23",--": -* SB =*= -* 7’*+,23,, D"D*7*(G*C &-#23.
D3C+"#6"%.-"6" 23,#6"%.-’=* SBA. N4 7%’-* ("?"0-*-

1’+ ,4 1,3,0 L1) 3*&-* D3"’0&,7,-’( 3*7’#$* r1 =
SB

2
-* #7&",--#( (D"$="%.=# H2"2 #6"% C&%C,2$C &D’$*--;+)
3*7’*--#( +,3# ↭BSA:

L1 = r1 · 2↭BSA =
SB

2
· 2 arctg AB

SB
= 2arctg

↑
5

2
.

O,D,3. 3*$$+"23’+ 63*-. SAD ’ 7#6# PQ, D" ="2"3": $A,3* 𝜗 D,3,$,=*,2 H2# 63*-.. J?"0-*1’+ ,4
7%’-# 1,3,0 L2.
E,%’1’-* L2 3*&-* D3"’0&,7,-’( 3*7’#$* r2 "=3#B-"-
$2’, %,B*G,: & D,3,$,1,-’’ $A,3; 𝜗 $ D%"$="$2.( SAD,
-* #7&",--#( 3*7’*--#( +,3# &D’$*--"6" ↭ASD, "D’3*-
(G,6"$C -* 7#6# PQ. )*:7,+ H2"2 #6"% $ D"+"G.( 2,"-
3,+; ="$’-#$"&:

cos↭ASD =
SA2 + SD2 →AD2

2SA · SD =
1↑
2
.

<-*1’2, ↭ASD =
𝜀

4
.

O,D,3. &;1’$%’+ 3*7’#$ r2, -*:7C 3*$$2"C-’, "2 @,-23*
$A,3; O 7" D%"$="$2’ SAD. !#$2. BH > &;$"2* 23,-
#6"%.-’=* BAD. !"$="%.=# SB ↘ (ABD), D" 2,"3,+,
" 2345 D,3D,-7’=#%C3*5 SH ↘ AD. <-*1’2, D%"$="$2.
SBH D,3D,-7’=#%C3-* D3C+": AD. !"H2"+# D%"$="$2’
SBH ’ SAD D,3D,-7’=#%C3-;. !#$2. O1 > 2"1=* -* "2-
3,0=, SH 2*=*C, 12" OO1 ↘ SH. !"$="%.=# D3C+*C OO1

1

%,B’2 & D%"$="$2’ SBH, OO1 ↘ AD. <-*1’2, OO1 ↘ (SAD). 9%,7"&*2,%.-", 7%’-* "23,0=* OO1 3*&-*
3*$$2"C-’( "2 2"1=’ O 7" D%"$="$2’ SAD. L*7’#$ r2 3*&,-

r2 =
⧸︃
r21 →OO2

1 =
⧸︃
OS2 →OO2

1 = SO1.

80 D"7"?-;5 D3C+"#6"%.-;5 23,#6"%.-’="& SOO1 ’ SHB -*5"7’+ SO1 = SO · SB
SH

. E;3*B*C 7&#+C
$D"$"?*+’ D%"G*7. 23,#6"%.-’=* SAD, D"%#1*,+

SH ·AD = SA · SD · sin 𝜀

4
≃ SH =

6↑
5
.

82*=, r2 = SO1 = SO · SB
SH

= 1 · 2

6/
↑
5
=

↑
5

3
. !"H2"+#

L2 = r2 · 2↭ASD =

↑
5

3
· 𝜀
2
.

J="-1*2,%.-" -*5"7’+ ’$="+#( 7%’-# %’-’’

L = 2L1 + 2L2 = 4arctg

↑
5

2
+

↑
5

3
𝜀.



7. [6 !"##$%] -=HG:6I J5I !"#"$%&’#()*’ ?>=AI>:D ;=9=LI69= a, ;9: E<6<9BC 5:56IL=
]︃
x
2 + y

2 → 4x→ 10y + 20 = 0,

(|x|→ |x→ a|→ a)y = 4(x→ a)

:LII6 9<J>< GJ= 9IPI>:D.

!"#$":
)︃
5

6
, 2

⧹︃
⇐ {5}.

%$&$’($. !3,"?3*0#,+ D,3&", #3*&-,-’, $’$2,+;:

(x→ 2)2 + (y → 5)2 = 9. (9)

P2" #3*&-,-’, "=3#B-"$2’ $ @,-23"+ (2; 5) ’ 3*7’#$"+ 3.

L*$$+"23’+ &2"3", #3*&-,-’, $’$2,+;.

• !3’ x ↬ a #3*&-,-’,

(|x|→ |x→ a|→ a)y = 4(x→ a) ⇒≃ (x→ (x→ a)→ a)y = 4(x→ a) ⇒≃ x = a (10)

0*7*42 &,32’=*%.-#( D3C+#(. P2* D3C+*C D,3,$,=*,2 "=3#B-"$2. (9) & 7&#5 2"1=*5 D3’ a ↗ (0; 5),
=*$*,2$C 7*--": "=3#B-"$2’ & "7-": 2"1=, D3’ a = 5 ’ -, D,3,$,=*,2 ,4 D3’ a > 5.

• !3’ x ↗ [0; a) #3*&-,-’,

(|x|→ |x→ a|→ a)y = 4(x→ a) ⇒≃ (x+ (x→ a)→ a)y = 4(x→ a) ⇒≃ y = 2

$ #142"+ "63*-’1,-’: -* x 0*7*42 D"%#’-2,3&*%

{(x; y) | x ↗ [0; a), y = 2}. (11)

P2"2 D"%#’-2,3&*% ’+,,2 $ "=3#B-"$2.( (9) 3"&-" "7-# "?G#( 2"1=# D3’ a > 2, ’ -, D,3,$,=*,2
,4 D3’ 0 < a ↫ 2.

43 52112 12
34
56
78 2 55 6



• !3’ x < 0

(|x|→ |x→ a|→ a)y = 4(x→ a) ⇒≃ (→x+ (x→ a)→ a)y = 4(x→ a) ⇒≃ 2x+ ay → 2a = 0.

!"%#1,--", #3*&-,-’, $ #142"+ "63*-’1,-’: -* x 0*7*42 %#1

{(x; y) | x < 0, 2x+ ay → 2a = 0}. (12)

P2"2 %#1 =*$*,2$C "=3#B-"$2’ (9) D3’

|4 + 5a→ 2a|↑
4 + a2

= 3 ⇒≃ (3a+ 4)2 = 9(4 + a2) ⇒≃ a =
5

6
.

<-*1’2, D3’ a =
5

6
%#1 =*$*,2$C "=3#B-"$2’, D3’ a ↗

)︃
0;

5

6

[︃
> D,3,$,=*,2 ,4 & 7&#5 2"1=*5, *

D3’ a >
5

6
> -, ’+,,2 $ -,: "?G’5 2"1,=.

82*=, ’$5"7-*C $’$2,+* ’+,,2 3"&-" 7&* 3,/,-’C & 7&#5 $%#1*C5:

1) "=3#B-"$2. (9) D,3,$,=*,2 ’+,,2 7&, "?G’, 2"1=’ $ "7-’+ ’0 +-"B,$2&: D3C+": (10), D"%#’-2,3-
&*%"+ (11), %#1"+ (12), ’ -, D,3,$,=*,2$C $ 7&#+C 73#6’+’;

2) "=3#B-"$2. (9) ’+,,2 D" "7-": "?G,: 2"1=, $ 7&#+C ’0 2345 +-"B,$2&, * $ "$2*&/’+$C 23,2.’+ >
-, D,3,$,=*,2$C.

!,3&;: $%#1*: 3,*%’0#,2$C D3’ a ↗
)︃
5

6
, 2

⧹︃
, * &2"3": > D3’ a = 5. !"%#1*,+ ’$="+", +-"B,$2&"

0-*1,-’: D*3*+,23* a ↗
)︃
5

6
; 2

⧹︃
⇐ {5}.



!"#$"%#$&’
(&)&$"-*+,-&.+#$&’

&-#*&*/*

"0&!1&232 "(&)*+,"
1" !2*+!2*&$+

11 !"#$$. %&’(&)* 4

1. [3 !"##"] 14567 a, b, c 8 69: ;<;=9>< 9=?@:A>BC A:5@=. 3@D E=FG<H ;=9B :? A:5I@ a, b : c

JB;:5BJ=I65D ;9:JIGK>>BH EJ=G9=6>BH 69KCA@I>, E<9>DL: E<6<9<M< DJ@DI65D N6= ;=9= A:5I@.
"O<?>=A:L ;<@4AI>>BI 69KCA@I>B f1, f2, f3. -=HG:6I 54LL4 S = a

2 + b
2 + c

2, I5@: >=:LI>7PII
?>=AI>:I 69KCA@I>= f = f1 + f2 + f3 9=J>< →4, = f(0) = 23. (#=L: A:5@= a, b : c >I G=>B.)

!"#$": 35.

%$&$’($. !" #$%"&’(

f(x) = (x→ a)(x→ b) + (x→ b)(x→ c) + (x→ c)(x→ a) =

= 3x2 → 2(a+ b+ c)x+ (ab+ bc+ ca).

)*’+,-./,, 0-*1,-’, 23451%,-* 3*&-" f(x0), 67, x0 =
a+ b+ c

3
. 8+,,+:

f(x0) = 3

)︃
a+ b+ c

3

[︃2

→ 2(a+ b+ c)

)︃
a+ b+ c

3

[︃
+ (ab+ bc+ ca) =

= →1

3
(a+ b+ c)2 + (ab+ bc+ ca) = →1

3
(a2 + b2 + c2 + 2ab+ 2ac+ 2bc) + ab+ bc+ ca =

= →1

3
(a2 + b2 + c2) +

1

3
(ab+ bc+ ca) = →4.

9 73#6": $2"3"-;, f(0) = ab+ bc+ ca = 23. <-*1’2, a2 + b2 + c2 = 23→ 3 · (→4) = 35.

2. [4 !"##"] #E<@7E< 5IL:?>=A>BC A:5I@ L<F>< 5<56=J:67 :? Q:R9 0, 1, 2, 3, 4, 5, 7, 8 : 9, A6<OB
GJI :? N6:C Q:R9 :5;<@7?<J=@:57 J ?=;:5: A:5@= 9<J>< ;< 69: 9=?=, = <56=@7>BI Q:R9B 8 >I
O<@II <G><M< 9=?=?

!"#$": C3
9C

2
3

7!

(3!)2
→ C

2
8C

2
2

6!

(3!)2
→ C

2
8C

1
2

6!

3!2!
= 31360.

%$&$’($. 8$="+", ="%’1,$2&" 1’$,% 3*&-"

N = N1 →N2 →N3,

67,

• N1 > ="%’1,$2&" 2*=’5 1’$,% ?,0 #142* 2"6", 12" @’A3* 0 -, +"B,2 $2"C2. & -*1*%,;

• N2 > ="%’1,$2&" 2*=’5 1’$,% $ #142"+, 12" @’A3* 0 $"7,3B’2$C & 1’$%, 3"&-" "7’- 3*0 ’ $2"’2
-* D,3&"+ +,$2,;

• N3 > ="%’1,$2&" 2*=’5 1’$,% $ #142"+, 12" @’A3* 0 $"7,3B’2$C & 1’$%, 3"&-" 23’ 3*0* ’ "7-*
’0 -’5 $2"’2 -* D,3&"+ +,$2,.

E;1’$%’+ N1. F"%’1,$2&" $D"$"?"& &;?3*2. @’A3;, ="2"3;, ’$D"%.0#(2$C & 1’$%,, 3*&-" C3
9 , ="%’-

1,$2&" $D"$"?"& &;7,%’2. 7&, D"&2"3C(G’,$C @’A3; ’0 23,5 &;?3*--;5 > C2
3 , ="%’1,$2&" $D"$"?"&

3*$$2*&’2. &;?3*--;, @’A3; D" $,+’ +,$2*+ >
7!

3! 3!
, D"H2"+#

N1 = C3
9 · C2

3 · 7!

3! 3!
=

9!

6! 3!
· 3!

2! 1!
· 7!

3! 3!
= 35280.



E;1’$%’+ N2. F"%’1,$2&" $D"$"?"& &;?3*2. @’A3;, ="2"3;, ’$D"%.0#(2$C & 1’$%,, D"+’+" -#%C,
3*&-" C2

8 , ="%’1,$2&" $D"$"?"& &;7,%’2. 7&, D"&2"3C(G’,$C @’A3; ’0 7&#5 &;?3*--;5 > C2
2 , ="%’-

1,$2&" $D"$"?"& 3*$$2*&’2. &;?3*--;, @’A3; D" /,$2’ +,$2*+ (+,$2* 7%C @’A3 & $,+’0-*1-"+ 1’$%,,

=3"+, D,3&"6" +,$2*, 67, $2"’2 0) > H2"
6!

3! 3!
, $%,7"&*2,%.-",

N2 = C2
8 · C2

2 · 6!

3! 3!
=

8!

6! 2!
· 1 · 6!

3! 3!
= 560.

I-*%"6’1-" &;1’$%C,2$C N3:
N3 = C2

8 · C1
2 · 6!

3! 2!
= 3360.

J="-1*2,%.-" D"%#1*,+:
N = 35280→ 560→ 3360 = 31360.

3. [4 !"##"] SIP:6I 5:56IL4 49=J>I>:H:
]︃
log

x
(6y → x) · log

y
(6x→ y) = 4,

log
x
(6x→ y) + log

y
(6y → x) = 4.

!"#$":

⧸︁
7 +

↑
21

2
;
7→

↑
21

2

⃥︁
,

⧸︁
7→

↑
21

2
;
7 +

↑
21

2

⃥︁
, (5; 5).

%$&$’($. JK< ’$5"7-": $’$2,+; ,$2. x > 0, x ↓= 1, y > 0, y ↓= 1, 6y → x > 0, 6x→ y > 0.

E"$D"%.0#,+$C A"3+#%": loga c · logb d = loga d · logb c ’ D,3,:7,+ = 3*&-"$’%.-": $’$2,+,:
]︃
logx(6x→ y) · logy(6y → x) = 4,

logx(6x→ y) + logy(6y → x) = 4
↔

]︃
logx(6x→ y) = 2,

logy(6y → x) = 2
↔

]︃
x2 = 6x→ y,

y2 = 6y → x.

!"$%,7-CC $’$2,+* ’+,,2 1,2;3, 3,/,-’C: (0; 0),

⧸︁
7 +

↑
21

2
;
7→

↑
21

2

⃥︁
,

⧸︁
7→

↑
21

2
;
7 +

↑
21

2

⃥︁
, (5; 5).

!*3* (0; 0) -, %,B’2 & JK< ’$5"7-": $’$2,+;.

4. [5 !"##$%] % 69I4M<@7>:EI ABC ;9<JIGI>= O:55IE69:5= AN . "O<?>=A:L AI9I? Q 6<AE4 ;I9I5I-
AI>:D ;9<G<@FI>:D JB5<6B BP 69I4M<@7>:E= ABC ?= 6<AE4 P 5 <;:5=>><H <E<@< N6<M< 69I-
4M<@7>:E= <E94F><567T 𝜔. -=HG:6I ;@<U=G7 69I4M<@7>:E= BCQ, I5@: BC = 48, 4M@B ↭BNA

: ↭BAC 9=J>B, = 9=G:45 <E94F><56: 𝜔 9=JI> 25.

!"#$": 768.

%$&$’($. !"$="%.=# D3"7"%B,-’, &;$"2; BP 0* 2"1=# P D,3,$,=*,2 "D’$*--#( "=3#B-"$2., #6%;
A ’ C > "$23;,. J?"0-*1’+ ↭BAN = 𝜔. !" #$%"&’( ↭ANB = 2𝜔. K*--;: #6"% C&%C,2$C &-,/-’+ 7%C
23,#6"%.-’=* ANC, D3’14+ ↭NAC = 𝜔, D"H2"+# ↭NCA = ↭ANB → ↭NAC = 𝜔. 80 D3C+"#6"%.-"6"
23,#6"%.-’=* BPC -*5"7’+ ↭CBP = 90→→↭BCP = 90→→𝜔. ED’$*--;, #6%; QCA ’ QBA "D’3*(2$C
-* "7-# 7#6#, * ↭QBA = 90→ → ↭BAC = 90→ → 2𝜔, D"H2"+#

↭QCB = ↭QCA+ ↭ACB = 90→ → 2𝜔+ 𝜔 = 90→ → 𝜔 = ↭QBC.



82*=, 23,#6"%.-’= BCQ > 3*&-"?,73,--;:, * ↭BQC = 2𝜔.
!#$2. R > 3*7’#$ "=3#B-"$2’. !" 2,"3,+, $’-#$"&

sin 2𝜔 =
BC

2R
=

24

25
,

"2=#7* cos 2𝜔 =
7

25
. !%"G*7. 23,#6"%.-’=* BQC 3*&-*

SBQC =
1

2
BQ2 sin 2𝜔 =

1

2

)︃
BC

2 cos↭CBQ

[︃2

sin 2𝜔 =

= BC2 sin 2𝜔

8 sin2 𝜔
= BC2 sin 2𝜔

4(1→ cos 2𝜔)
= 768.

5. [5 !"##$%] SIP:6I >I9=JI>56J<

→
⌈︃
1→ sin x sin

𝜀

6

⌉︃2

+ cos2 x cos2
𝜀

6
→

⌈︃
2 sin 2x→

↑
3
⌉︃2

↬ 0.

!"#$":
𝜀

6
+ 2𝜀k, k ↗ Z.

%$&$’($. E;3*B,-’,
→
⌈︃
1→ sinx sin

𝜀

6

⌉︃2
+ cos2 x cos2

𝜀

6

D3’&"7’2$C = D"%-"+# =&*73*2# →
⌈︃
sinx→ sin

𝜀

6

⌉︃2
, D"H2"+# -,3*&,-$2&" D3’-’+*,2 &’7

⌈︃
sinx→ sin

𝜀

6

⌉︃2
+
⌈︃
2 sin 2x→

↑
3
⌉︃2

↫ 0.

E $’%# -,"23’@*2,%.-"$2’ "?"’5 $%*6*,+;5 & %,&": 1*$2’ 7*--", -,3*&,-$2&" 3*&-"$’%.-" $’$2,+,
{︃
}︃⟨

}︃⟩

sinx = sin
𝜀

6
,

sin 2x =

↑
3

2
,

"2=#7* x =
𝜀

6
+ 2𝜀k, k ↗ Z.

6. [6 !"##$%] % AI6B9KC4M<@7><H ;:9=L:GI SABCD :?JI56>B G@:>B J5IC 9KOI9: AB = BC =
CD = DA =

↑
7, SB =

↑
2, SA = SC = 3, SD = 2. #RI9= 𝜔 5 G:=LI69<L SB ;I9I5IE=I6 M9=>:

;:9=L:GB ;< L><FI56J4, 5<56<DUIL4 :? 6<AE: S : @:>:: L, >I 5<GI9F=UIH 6<AE4 S. -=HG:6I
G@:>4 @:>:: L.

!"#$": 2
↑
2 arctg

⎛
7

2
+

4

9

⎛
7

3
𝜀.

%$&$’($. <*+,2’+, 12" 23,#6"%.-’=’ SBC ’ SBA > D3C+"#6"%.-;, $ D3C+;+ #6%"+ B, D"H2"+#
3,?3" SB ,$2. &;$"2* D’3*+’7;. I & D3C+"#6"%.-"+ 23,#6"%.-’=, SBD 6’D"2,-#0* SD &

↑
2



?"%./, =*2,2* SB, D"H2"+# H2"2 23,#6"%.-’= 3*&-"?,7-
3,--;:, ’ SB = BD. 9A,3* 𝜗 D,3,$,=*,2 63*-’ D’3*-
+’7; D" 7#6*+ "=3#B-"$2,:. E $’%# $’++,23’’ "2-"$’-
2,%.-" D%"$="$2’ SBD 7#6’ & 63*-C5 SBA ’ SBC 3*&-;
+,B7# $"?":. I-*%"6’1-" 3*&-; ’ 7#6’ & 63*-C5 SAD ’
SCD. L*$$+"23’+ $-*1*%* 63*-. SBA.
M3*-. SBA D3"5"7’2 1,3,0 @,-23 𝜗, * AB =*$*,2$C H2":
$A,3;, D"H2"+# ’$="+*C 7#6* BP ,$2. 7#6* "=3#B-"$2’,
D"$23",--": -* SB =*= -* 7’*+,23,, D"D*7*(G*C &-#23.
D3C+"#6"%.-"6" 23,#6"%.-’=* SBA. N4 7%’-* ("?"0-*-

1’+ ,4 1,3,0 L1) 3*&-* D3"’0&,7,-’( 3*7’#$* r1 =
SB

2
-* #7&",--#( (D"$="%.=# H2"2 #6"% C&%C,2$C &D’$*--;+)
3*7’*--#( +,3# ↭BSA:

L1 = r1 · 2↭BSA =
SB

2
· 2 arctg AB

SB
=

↑
2 arctg

↑
7↑
2
.

O,D,3. 3*$$+"23’+ 63*-. SAD ’ 7#6# PQ, D" ="2"3": $A,3* 𝜗 D,3,$,=*,2 H2# 63*-.. J?"0-*1’+ ,4
7%’-# 1,3,0 L2.
E,%’1’-* L2 3*&-* D3"’0&,7,-’( 3*7’#$* r2 "=3#B-"-
$2’, %,B*G,: & D,3,$,1,-’’ $A,3; 𝜗 $ D%"$="$2.( SAD,
-* #7&",--#( 3*7’*--#( +,3# &D’$*--"6" ↭ASD, "D’3*-
(G,6"$C -* 7#6# PQ. )*:7,+ H2"2 #6"% $ D"+"G.( 2,"-
3,+; ="$’-#$"&:

cos↭ASD =
SA2 + SD2 →AD2

2SA · SD =
1

2
.

<-*1’2, ↭ASD =
𝜀

3
.

O,D,3. &;1’$%’+ 3*7’#$ r2, -*:7C 3*$$2"C-’, "2 @,-23*
$A,3; O 7" D%"$="$2’ SAD. !#$2. BH > &;$"2* 23,-
#6"%.-’=* BAD. !"$="%.=# SB ↘ (ABD), D" 2,"3,+,
" 2345 D,3D,-7’=#%C3*5 SH ↘ AD. <-*1’2, D%"$="$2.
SBH D,3D,-7’=#%C3-* D3C+": AD. !"H2"+# D%"$="$2’
SBH ’ SAD D,3D,-7’=#%C3-;. !#$2. O1 > 2"1=* -* "2-
3,0=, SH 2*=*C, 12" OO1 ↘ SH. !"$="%.=# D3C+*C OO1

1

%,B’2 & D%"$="$2’ SBH, OO1 ↘ AD. <-*1’2, OO1 ↘ (SAD). 9%,7"&*2,%.-", 7%’-* "23,0=* OO1 3*&-*
3*$$2"C-’( "2 2"1=’ O 7" D%"$="$2’ SAD. L*7’#$ r2 3*&,-

r2 =
⧸︃
r21 →OO2

1 =
⧸︃
OS2 →OO2

1 = SO1.

80 D"7"?-;5 D3C+"#6"%.-;5 23,#6"%.-’="& SOO1 ’ SHB -*5"7’+ SO1 = SO · SB
SH

. E;3*B*C 7&#+C
$D"$"?*+’ D%"G*7. 23,#6"%.-’=* SAD, D"%#1*,+

SH ·AD = SA · SD · sin 𝜀

3
≃ SH =

3
↑
3↑
7
.

82*=, r2 = SO1 = SO · SB
SH

=

↑
2

2
·

↑
2

3
↑
3/

↑
7
=

↑
7

3
↑
3
. !"H2"+#

L2 = r2 · 2↭ASD =

↑
7

3
↑
3
· 2𝜀
3

=
2𝜀

9

⎛
7

3
.

J="-1*2,%.-" -*5"7’+ ’$="+#( 7%’-# %’-’’

L = 2L1 + 2L2 = 2
↑
2 arctg

⎛
7

2
+

4

9

⎛
7

3
𝜀.



7. [6 !"##$%] -=HG:6I J5I !"#"$%&’#()*’ ?>=AI>:D ;=9=LI69= a, ;9: E<6<9BC 5:56IL=
]︃
x
2 + y

2 → 6x+ 10y + 18 = 0,

(|x|→ |x→ a|→ a)y = 2(a→ x)

:LII6 9<J>< GJ= 9IPI>:D.

!"#$": a ↗
)︃

7

24
, 3

⧹︃
⇐ {7}.

%$&$’($.

!3,"?3*0#,+ D,3&", #3*&-,-’, $’$2,+;:

(x→ 3)2 + (y + 5)2 = 16. (13)

P2" #3*&-,-’, "=3#B-"$2’ $ @,-23"+ (3;→5) ’ 3*7’#$"+ 4.

L*$$+"23’+ &2"3", #3*&-,-’, $’$2,+;.

• !3’ x ↬ a #3*&-,-’,

(|x|→ |x→ a|→ a)y = 2(a→ x) ⇒≃ (x→ (x→ a)→ a)y = 2(a→ x) ⇒≃ x = a (14)

0*7*42 &,32’=*%.-#( D3C+#(. P2* D3C+*C D,3,$,=*,2 "=3#B-"$2. (13) & 7&#5 2"1=*5 D3’ a ↗
(0; 7), =*$*,2$C 7*--": "=3#B-"$2’ & "7-": 2"1=, D3’ a = 7 ’ -, D,3,$,=*,2 ,4 D3’ a > 7.

• !3’ x ↗ [0; a) #3*&-,-’,

(|x|→ |x→ a|→ a)y = 2(a→ x) ⇒≃ (x+ (x→ a)→ a)y = →2(x→ a) ⇒≃ y = →1

$ #142"+ "63*-’1,-’: -* x 0*7*42 D"%#’-2,3&*%

{(x; y) | x ↗ [0; a), y = →1}. (15)

P2"2 D"%#’-2,3&*% ’+,,2 $ "=3#B-"$2.( (13) 3"&-" "7-# "?G#( 2"1=# D3’ a > 3, ’ -, D,3,$,=*,2
,4 D3’ 0 < a ↫ 3.

43 5 6 721123 1
23456789

77 24



• !3’ x < 0

(|x|→ |x→ a|→ a)y = 2(a→ x) ⇒≃ (→x+ (x→ a)→ a)y = 2(a→ x) ⇒≃ x→ ay → a = 0.

!"%#1,--", #3*&-,-’, $ #142"+ "63*-’1,-’: -* x 0*7*42 %#1

{(x; y) | x < 0, x→ ay → a = 0}. (16)

P2"2 %#1 =*$*,2$C "=3#B-"$2’ (13) D3’

|3 + 5a→ a|↑
1 + a2

= 4 ⇒≃ (4a+ 3)2 = 16(1 + a2) ⇒≃ a =
7

24
.

<-*1’2, D3’ a =
7

24
%#1 =*$*,2$C "=3#B-"$2’, D3’ a ↗

)︃
0;

7

24

[︃
> D,3,$,=*,2 ,4 & 7&#5 2"1=*5, *

D3’ a >
7

24
> -, ’+,,2 $ -,: "?G’5 2"1,=.

82*=, ’$5"7-*C $’$2,+* ’+,,2 3"&-" 7&* 3,/,-’C & 7&#5 $%#1*C5:

1) "=3#B-"$2. (13) D,3,$,=*,2 ’+,,2 7&, "?G’, 2"1=’ $ "7-’+ ’0 +-"B,$2&: D3C+": (14), D"%#’--
2,3&*%"+ (15), %#1"+ (16), ’ -, D,3,$,=*,2$C $ 7&#+C 73#6’+’;

2) "=3#B-"$2. (13) ’+,,2 D" "7-": "?G,: 2"1=, $ 7&#+C ’0 2345 +-"B,$2&, * $ "$2*&/’+$C 23,2.’+ >
-, D,3,$,=*,2$C.

!,3&;: $%#1*: 3,*%’0#,2$C D3’ a ↗
)︃

7

24
, 3

⧹︃
, * &2"3": > D3’ a = 7. !"%#1*,+ ’$="+", +-"B,$2&"

0-*1,-’: D*3*+,23* a ↗
)︃

7

24
; 3

⧹︃
⇐ {7}.



!"#$"%#$&’
(&)&$"-*+,-&.+#$&’

&-#*&*/*

"0&!1&232 "(&)*+,"
1" !2*+!2*&$+

11 !"#$$. %&’(&)* 11

1. [3 !"##"] &456789:, ;8: 67<= >?69@A=8@ BCDEFG =4 B:H96G >HC5969=I x2 + bx + c = 0 9C 3,
J:<>;699F6 ;=7<C K>E>8 B:H9I?= >HC5969=I x2 + cx+ b = 0. $CDEFG =4 ;68FHLM B:H96G N8=M
E5>M >HC5969=G >56<=;=<= 9C 1. -CGE=86 JH:=456E69=6 J:<>;699FM ;68FHLM ;=76<. (#C?= ;=7<C
b = c 96 EC9F.)

!"#$": →35.

%$&$’($. !"#$% x1 & x2 ’ ()*+& "*,-+.+&/ x2 + bx + c = 0, x3 & x4 ’ "*,-+.+&/ x2 + cx + b = 0.
0)12, x1 + x2 = →b, x1x2 = c, x3 + x4 = →c, x3x4 = b. !) "#3)-&4 (x1 + x2)→ (x3 + x4) = 6 = c→ b. 0)12,
&#()5). 6*)&7-.2.+&. .#$%:

(x1 + 1) · (x2 + 1) · (x3 + 1) · (x4 + 1) =
)︃
(x1 + 1) · (x2 + 1)

[︃
·
)︃
(x3 + 1) · (x4 + 1)

[︃
=

= (x1x2 + (x1 + x2) + 1) · (x3x4 + (x3 + x4) + 1) =

= (c→ b+ 1)(b→ c+ 1) = (1 + 6)(1→ 6) = →35.

!"#$%"&’$. 8)9+) 6)(,7,$%, :$) c = 1, b = →5.

2. [4 !"##"] -C4:56? ;=7<: !"#"$%&’, 67<= 5 96? ;6H6E>O87I ;L89F6 = 96;L89F6 P=QHF. #B:<@B=-
?= 7J:7:KC?= ?:D9: 4C?69=8@ 45L4E:;B= 9C P=QHF 5 HC5697856 2↑↑↑+ 3↑↑↑ = ↑↑↑↑ 8CB, ;8:KF
J:<>;=<:7@ 56H9:6 HC569785: 7 8H6?I 4CKC59F?= ;68FHLM49C;9F?= ;=7<C?=?

!"#$": 1000.

%$&$’($. 0,( (,( :&#3, 7,;,-+<., 6)3":,.5 *,-.+#$-) 2=>=+3>=> = ↑↑↑↑. ? 6)#3.2+.5 *,7*/2.
#(3,2<-,.$#/ +.:@$+,/ & :@$+,/ A&B*,, 6)C$)5" #"55, )(,+:&-,.$#/ +, +.:@$+"4 A&B*". !)C$)5"
&5..5 *,-.+#$-) 2=>=+3>=> = >=>=. 0.6.*% -&2+), :$) 6*& #3)9.+&& - 6.*-)5 & $*.$%.5 *,7*/2,D
6*)&#D)2&$ 6.*.D)2 :.*.7 2.#/$)(, , -) -$)*)5 *,7*/2. 6.*.D)2, +.$. !*& C$)5 6.*-,/ A&B*, #"55<
;"2.$ *,-+, 6.

E#3& #(3,2<-,.$#/ +.:@$+,/ & :@$+,/ A&B*, & 6*& C$)5 .#$% 6.*.D)2 :.*.7 2.#/$)( (- 1 & 3 *,7*/2,D),
$) -)75)9+< 10 -,*&,+$)-: 9 + 2, 9 + 4, 9 + 6, 9 + 8, 7 + 4, 7 + 6, 7 + 8, 5 + 6, 5 + 8, 3 + 8.

E#3& #(3,2<-,.$#/ :@$+,/ & +.:@$+,/ A&B*, & 6*& C$)5 +.$ 6.*.D)2, :.*.7 2.#/$)( (-) 2 *,7*/2.), $)
-)75)9+< 10 -,*&,+$)-: 6 + 1, 4 + 1, 4 + 3, 2 + 1, 2 + 3, 2 + 5, 0 + 1, 0 + 3, 0 + 5, 0 + 7.

0,(&5 );*,7)5, ()3&:.#$-) -,*&,+$)- *,-+) 10 · 10 · 10 = 1000.

3. [5 !"##$%] R6A=86 96HC569785: logx2(x2 → x) + log(x→1)2(x
2 → x) ↭ 9

4
.

!"#$": x ↓
]︃
→1→

↔
5

2
;→1

⌊︃
↗
⌋︃
2;

3 +
↔
5

2

⌈︃
.

%$&$’($. FGH 2,++)1) +.*,-.+#$-, .#$% x2 → x > 0, x2 > 0, x ↘= ±1, (x→ 1)2 > 0, x→ 1 ↘= ±1, )$("2,
x ↓ (→≃,→1) ↗ (→1, 0) ↗ (1, 2) ↗ (2,+≃).



H,5.$&5, :$) +, FGH x2 → x = x(x → 1) = |x(x → 1)| = |x| · |x → 1|. !)C$)5" +.*,-.+#$-) 5)9+)
6*.);*,7)-,$% ( -&2" 1

2 log|x|(|x| · |x→ 1|) + 1
2 log|x→1|(|x| · |x→ 1|) ↭ 9

4 , )$("2,

1

2
+

1

2
log|x| |x→ 1|+ 1

2
+

1

2
log|x→1| |x| ↭

9

4
⇐⇒ log|x| |x→ 1|+ log|x→1| |x| ↭

5

2
.

F;)7+,:,/ t = log|x| |x→ 1|, 6)3":,.5

t+
1

t
→ 5

2
↭ 0 ⇐⇒ (2t→ 1)(t→ 2)

t
↭ 0,

#3.2)-,$.3%+) t ↓ (0, 12 ] ↗ [2,+≃). 0) .#$% 0 < log|x| |x→ 1| ↫ 1
2 &3& log|x| |x→ 1| ↭ 2.

!"#$% x ↓ (1, 2) ↗ (2,+≃), $)12, log|x| |x→ 1| = logx(x→ 1).

E#3& 0 < logx(x→ 1) ↫ 1
2 , $) 1 < x→ 1 ↫ ↔

x. I.J,/ x→ 1 ↫ ↔
x, +,D)2&5 x ↓

⌉︃
2, 3+

↑
5

2

{︃
.

E#3& logx(x→ 1) ↭ 2, $) x→ 1 ↭ x2. K$) +.*,-.+#$-) +. &5..$ *.J.+&L.

!"#$% x ↓ (→≃,→1)↗(→1, 0), $)12, log|x| |x→1| = log→x(1→x). !*& C$)5 .#3& x ↓ (→1, 0), $) log→x(1→x) <
0, 6)C$)5" C$)$ &+$.*-,3 +. 6)2D)2&$, & x < →1.

E#3& 0 < log→x(1→ x) ↫ 1
2 , $) 1 < 1→ x ↫ ↔

→x. =.*,-.+#$-) 1→ x ↫ ↔
→x +. &5..$ *.J.+&L.

E#3& log→x(1 → x) ↭ 2, $) 1 → x ↭ (→x)2 = x2, )$("2, x ↓
}︃
→1→

↑
5

2 , →1+
↑
5

2

{︃
. M:&$<-,/, :$) x < →1,

6)3":,.5: x ↓
}︃
→1→

↑
5

2 ,→1
⟨
.

F;N.2&+// *.J.+&/, 6)3":,.5 )$-.$: x ↓
}︃
→1→

↑
5

2 ;→1
⟨
↗
⌉︃
2; 3+

↑
5

2

{︃
.

4. [4 !"##"] % :79:5C9== J=HC?=EF DABC <6D=8 JHC5=<@9FG 8H6>S:<@9=B ABC, >S:< ACD
JHI?:G. #Q6HC 7 E=C?68H:? BD J6H676BC68 J:58:H9: HLKHC AD, AB = CD 5 8:;BCM E, F = C
7::8568785699:. -CGE=86 :KTL? J=HC?=EF EACF , 67<= AB =

↔
2, CD =

↔
3.

!"#$":
1

20
.

%$&$’($. !"#$% AB = a, CD = b. O.:.+&.5 #B.*< 63)#()#$%4 BCD /-3/.$#/ )(*"9+)#$%, )6&#,+-
+,/ )()3) $*."1)3%+&(, BCD, A.+$* ()$)*)L 3.9&$ +, BD, 6)C$)5" "1)3 BCD 6*/5)L. !*/5)"1)3%-
+<. $*."1)3%+&(& ACD & BCD *,-+< 6) 2-"5 #$)*)+,5 & "13", #3.2)-,$.3%+) AD = BD =

↔
a2 + b2.

0,( (,( BD ’ 2&,5.$* )(*"9+)#$& (#.:.+&. #B.*< 63)#()#$%4
ABD) "13< BFD & BED 6*/5<.. 0*."1)3%+&( ADB *,-+);.2*.+-
+<L & DF .1) -<#)$,, #3.2)-,$.3%+) F ’ #.*.2&+, AB.

AE = AB cos↬BAE = AB · AF

AD
=

a2

2
↔
a2 + b2

.

!"#$% H ’ 6*).(A&/ $):(& E +, 63)#()#$% ABC. 0):(, H 3.9&$ +,
AC, $,( (,( 63)#()#$% ADC 6.*6.+2&("3/*+, 63)#()#$& )#+)-,+&/
ABC. 0)12, )$+)J.+&. );N@5)- 6&*,5&2 EACF & DABC *,-+)

VEACF

VDABC
=

EH

DC
· SACF

SABC
=

EA

DA
· AF
AB

=
a2

2 (a2 + b2)
· 1
2
.

F$#42,

VEACF =
a2

4 (a2 + b2)
VDABC =

a2

4 (a2 + b2)
· 1
3
· b ·

↔
3a2

4
=

↔
3a4b

48 (a2 + b2)
=

1

20
.



5. [5 !"##$%] R6A=86 >HC5969=6

cos 4x→ 6
↔
2 sin x→ 4 sin 2x+ 6

↔
2 cosx = 15.

!"#$": x = →𝜔

4
+ 2𝜔k, k ↓ Z.

%$&$’($. H,5.$&5, :$)

cos 4x→ 6
↔
2 sinx→ 4 sin 2x+ 6

↔
2 cosx = →2(sin 2x+ 1)2 → 12 sin

⌉︃
x→ 𝜔

4

⟨
+ 3 ↫ 0 + 12 + 3 = 15.

I,-.+#$-) 2)#$&1,.$#/ $)3%() - $)5 #3":,., ()12, sin 2x+ 1 = 0 & sin
⌉︃
x→ 𝜔

4

⟨
= →1. K$&5 *,-.+#$-,5

)2+)-*.5.++) "2)-3.$-)*/.$ $)3%() x = →𝜔

4
+ 2𝜔k, k ↓ Z.

6. [6 !"##$%] % 8H6>S:<@9=B6 ABC ↬B = 60↓, C 8:;B= D, E = F <6DC8 9C 78:H:9CM CA, AB = BC
7::8568785699:, JH=;6? BE = ED = DF = FB = 10. "8H64B= AF = CE J6H676BCO87I 5 8:;B6
X. -CGE=86 E<=9> XA, 67<= XF = 4.

!"#$": XA = 21.

%$&$’($. 0*."1)3%+&( EBF *,-+);.2*.++<L # "13)5 6*& -.*J&+. 60↓, 6)C$)5" )+ 6*,-&3%+<L &
EF = 30. !) $.)*.5. ) 6*)6)*A&)+,3%+<D )$*.7(,D, # ":@-
$)5 $)1), :$) EB = EF = BF , 6)3":,.5:

AE

EB
=

AD

DC
=

BF

FC
=⇒ AE

EF
=

EF

FC
.

F$#42,, , $,(9. &7 "#3)-&/ ↬AEF = ↬EFC = 120↓ #3.2".$,
:$) $*."1)3%+&(& AEF & EFC 6)2);+< & ↬EAF = ↬FEC.
H+,:&$, $*."1)3%+&(& AEF & EXF 6)2);+< 6) 2-"5 "13,5
&

AF

EF
=

EF

XF
⇑ AX + FX

EF
=

EF

FX
⇒ AX =

EF 2

FX
→FX = 21.

%$&$’($. !"#$% EF = p, FX = q. !) "#3)-&4 $*."1)3%+&(& BEF & DEF *,-+)#$)*)++&., 6)C$)5"
↬BED = ↬BFD = 120↓, )$("2, ↬AED = ↬DFC = 60↓. !"#$% ↬FCD = 𝜀.
0)12, &7 #"55< "13)- $*."1)3%+&(, DFC +,D)2&5
↬CDF = 120↓ → 𝜀. !)#()3%(" ↬EDF = 60↓, 6)3":,.5
↬EDA = 180↓ → ↬EDF = ↬FDC = 𝜀. H+,:&$, $*.-
"1)3%+&(& AED & DFC 6)2);+< 6) 2-"5 "13,5. !)-
C$)5"

AE

ED
=

DF

FC
. =) ↬AEF = ↬EFC = 2 · 60↓, ,

ED = DF = EF , $) .#$%
AE

EF
=

EF

FC
. !)C$)5" $*.-

"1)3%+&(& AEF & CEF 6)2);+< 6) "13" & 2-"5 6,*,5
6*&3.9,P&D 6*)6)*A&)+,3%+<D #$)*)+. F$#42, #3.2".$,
:$) ↬EAF = ↬FEC, 6)C$)5", #)13,#+) );*,$+)L $.)*.-
5. ); "13. 5.92" (,#,$.3%+)L & D)*2)L, 6*/5,/ EF (,-
#,.$#/ )6&#,++)L )(*"9+)#$& $*."1)3%+&(, EAX. H+,-
:&$, 6*)&7-.2.+&. FX · FA *,-+) (-,2*,$" )$*.7(, (,-
#,$.3%+)L EF 2, $) .#$% p2 = FX · (FX + XA). Q$,(,

XA =
EF 2

FX
→ FX = 21.



7. [6 !"##$%] -CGE=86 576 49C;69=I JCHC?68HC a, JH= B:8:HFM 7=786?C
⟩
⧸︃

⧹︃
x+

y2

x
= min

⧸︁
6 +

8y

x
; 8→ 6y

x

⃥︁
,

y = ax→ 7a+ 1

=?668 H:59: E5C H6A69=I.

!"#$": a ↓
⧸︁
→1;→3

4

⎛
↗
⎞
1;

4

3

⃥︁
.

%$&$’($. I,##5)$*&5 6.*-). "*,-+.+&. #&#$.5<. !"#$% M ’ 5+)9.#$-) $):.( (x; y), "2)-3.$-)*/-
4P&D C$)5" "*,-+.+&4. !*,-,/ :,#$% 2,++)1) "*,-+.+&/ 6*&+&5,.$ *,73&:+<L -&2 - 7,-&#&5)#$& )$
$)1), (,(). &7 -<*,9.+&L 6 +

8y

x
& 8→ 6y

x
5.+%J.. H,5.$&5, :$)

6 +
8y

x
↫ 8→ 6y

x
⇐⇒ 7y → x

x
↫ 0.

!*& x > 0 C$) +.*,-.+#$-) -<6)3+/.$#/ -) -#.D $):(,D, 3.9,P&D +, 6*/5)L y =
x

7
& +&9. +.@, , 6*&

x < 0 ’ -) -#.D $):(,D, 3.9,P&D +, 6*/5)L y =
x

7
& -<J. +.@.

!*&
7y → x

x
↫ 0 6.*-). "*,-+.+&. #&#$.5< 6*&-

+&5,.$ -&2

x+
y2

x
= 6+

8y

x
⇑ (x→ 3)2+(y → 4)2 = 25. (1)

K$) "*,-+.+&. )(*"9+)#$& # A.+$*)5 - $):(.
(3; 4) & *,2&"#)5 5. !*/5"4 y =

x

7
)(*"9-

+)#$% (3) 6.*.#.(,.$ - $):(,D (0; 0) & (7; 1), ,
6*/5"4 x = 0 ’ - $):(,D (0; 0) & (0; 8). H+,:&$,
:,#$% 5+)9.#$-, M , $):(& ()$)*)L "2)-3.$-)*/-
4$ +.*,-.+#$-"

7y → x

x
↫ 0, .#$% 2"1, )(*"9+)-

#$& (3) # ()+A,5& (0; 8) & (7; 1) 7, &#(34:.+&.5
$):(& (0; 0).

!*&
7y → x

x
> 0 6.*-). "*,-+.+&. #&#$.5< 6*&-

+&5,.$ -&2

x+
y2

x
= 8→ 6y

x
⇑ (x→ 4)2+(y + 3)2 = 25. (2)

K$) "*,-+.+&. )(*"9+)#$& # A.+$*)5 - $):(.
(4;→3) & *,2&"#)5 5. !*/5"4 y =

x

7
C$, )(*"9-

+)#$% 6.*.#.(,.$ - $):(,D (0; 0) & (7; 1), , 6*/5"4
x = 0 ’ - $):(,D (0; 0) & (0;→6). !)C$)5" :,#$%

x

y

0

y =
x

7

O1(3,4)

O2(4,→ 3)

(x→ 3)2 + (y → 4)2 = 25

(x→ 4)2 + (y + 3)2 = 25

(7,1)

(0,8)

(0,→ 6)

5+)9.#$-, M , $):(& ()$)*)L "2)-3.$-)*/4$ "#3)-&4
7y → x

x
> 0, .#$% 2"1, )(*"9+)#$& (4) # ()+A,5&

(0;→6) & (7; 1) 7, &#(34:.+&.5 $):(& (0; 0).

Q$,(, 5+)9.#$-) M &5..$ -&2 );N.2&+.+&/ 2-"D "(,7,++<D 2"1 7, &#(34:.+&.5 $):(& (0; 0).

!.*.6&J.5 -$)*). "*,-+.+&. #&#$.5< - -&2. y→ 1 = a(x→ 7). !*& *,73&:+<D 7+,:.+&/D 6,*,5.$*, a
2,++). "*,-+.+&. 7,2,@$ 6*/5<. # "13)-<5 ()CBB&A&.+$)5 a, 6*)D)2/P&. :.*.7 $):(" (7; 1). F$5.$&5,
:$) 34;,/ 6*/5,/, 6*)D)2/P,/ :.*.7 C$" $):(", (*)5. -.*$&(,3%+)L, 5)9.$ ;<$% 7,2,+, 2,++<5
"*,-+.+&.5 # 6)5)P%4 -<;)*, 7+,:.+&/ a.

=,L2.5 7+,:.+&/ a, 6*& ()$)*<D )(*"9+)#$% (3) (,#,.$#/ 6*/5)L ax→ y → 7a+ 1 = 0:
|3a→ 4→ 7a+ 1|↔

a2 + 1
= 5 ⇑ |3 + 4a| = 5

⎡
a2 + 1 ⇑ 9a2 → 24a+ 16 = 0 ⇑ (3a→ 4)2 = 0 ⇑ a =

4

3
.



0.6.*% )6*.2.3&5 7+,:.+&/ a, 6*& ()$)*<D )(*"9+)#$% (4) (,#,.$#/ 2,++)L 6*/5)L:

|4a+ 3→ 7a+ 1|↔
a2 + 1

= 5 ⇑ |4→ 3a| = 5
⎡
a2 + 1 ⇑ 16a2 + 24a+ 9 = 0 ⇑ a = →3

4
.

=,L2@5 ()3&:.#$-) $):.( 6.*.#.:.+&/ 6*/5)L y = a(x→ 7) + 1 #) 5+)9.#$-)5 M :

1) 6*& a ↓ (→≃;→1] ’ 1 );P,/ $):(,;

2) 6*& a ↓
⧸︁
→1;→3

4

⎛
’ 2 );P&. $):(&;

3) 6*& a ↓
⧸︁
→3

4
;
1

7

⃥︁
’ 3 );P&. $):(&;

4) 6*& a =
1

7
’ 1 );P,/ $):(,;

5) 6*& a ↓
⧸︁
1

7
; 1

⃥︁
’ 3 );P&. $):(&;

6) 6*& a ↓
⎞
1;

4

3

⃥︁
’ 2 );P&. $):(&;

7) 6*& a ↓
⎞
4

3
;+≃

⃥︁
’ 1 );P,/ $):(,.

O3.2)-,$.3%+), &#()5). 5+)9.#$-) 7+,:.+&L 6,*,5.$*, .#$% a ↓
⧸︁
→1;→3

4

⎛
↗
⎞
1;

4

3

⃥︁
.



!"#$"%#$&’
(&)&$"-*+,-&.+#$&’

&-#*&*/*

"0&!1&232 "(&)*+,"
1" !2*+!2*&$+

11 !"#$$. %&’(&)* 12

1. [3 !"##"] &456789:, ;8: 67<= >56<=;=8@ BCDEFG =4 B:H96G >HC5969=I x2 + bx + c = 0 9C 4,
J:<>;699F6 ;=7<C K>E>8 B:H9I?= >HC5969=I x2 + cx+ b = 0. $CDEFG =4 ;68FHLM B:H96G N8=M
E5>M >HC5969=G >56<=;=<= 9C 1. -CGE=86 JH:=456E69=6 J:<>;699FM ;68FHLM ;=76<. (#C?= ;=7<C
b = c 96 EC9F.)

!"#$": →63.

%$&$’($. !"#$% x1 & x2 ’ ()*+& "*,-+.+&/ x2 + bx + c = 0, x3 & x4 ’ "*,-+.+&/ x2 + cx + b = 0.
0)12, x1 + x2 = →b, x1x2 = c, x3 + x4 = →c, x3x4 = b. !) "#3)-&4 (x1 + x2) → (x3 + x4) = →8 = c → b.
0)12, &#()5). 6*)&7-.2.+&. .#$%:

(x1 + 1) · (x2 + 1) · (x3 + 1) · (x4 + 1) =
)︃
(x1 + 1) · (x2 + 1)

[︃
·
)︃
(x3 + 1) · (x4 + 1)

[︃
=

= (x1x2 + (x1 + x2) + 1) · (x3x4 + (x3 + x4) + 1) =

= (c→ b+ 1)(b→ c+ 1) = (1→ 8)(1 + 8) = →63.

!"#$%"&’$. 8)9+) 6)(,7,$%, :$) c = →6, b = 2.

2. [4 !"##"] -C4:56? ;=7<: !"#"$%&’, 67<= 5 96? ;6H6E>O87I ;L89F6 = 96;L89F6 P=QHF. #B:<@B=-
?= 7J:7:KC?= ?:D9: 4C?69=8@ 45L4E:;B= 9C P=QHF 5 HC5697856 2↑↑↑+ 4↑↑↑ = ↑↑↑↑ 8CB, ;8:KF
J:<>;=<:7@ 56H9:6 HC569785: 7 8H6?I 4CKC59F?= ;68FHLM49C;9F?= ;=7<C?=?

!"#$": 3375.

%$&$’($. 0,( (,( :&#3, 7,;,-+<., 6)3":,.5 *,-.+#$-) 2=>=+4=>= = ↑↑↑↑. ? 6)#3.2+.5 *,7*/2.
#(3,2<-,.$#/ +.:@$+,/ & +.:@$+,/ A&B*,, 6)C$)5" #"55, )(,+:&-,.$#/ +, :@$+"4 A&B*". !)C$)5"
&5..5 *,-.+#$-) 2=>=+4=>= = =>=>. 0.6.*% -&2+), :$) 6*& #3)9.+&& - 6.*-)5 & $*.$%.5 *,7*/2,D
6*)&#D)2&$ 6.*.D)2 :.*.7 2.#/$)(, , -) -$)*)5 *,7*/2. 6.*.D)2, +.$. !*& C$)5 6.*-,/ A&B*, #"55<
;"2.$ *,-+, 7.

E#3& #(3,2<-,.$#/ +.:@$+,/ & +.:@$+,/ A&B*, & 6*& C$)5 .#$% 6.*.D)2 :.*.7 2.#/$)( (- 1 & 3 *,7*/2,D),
$) -)75)9+< 15 -,*&,+$)-: 1+9, 3+7, 3+9, 5+5, 5+7, 5+9, 7+3, 7+5, 7+7, 7+9, 9+1, 9+3, 9+5, 9+7, 9+9.

E#3& #(3,2<-,.$#/ :@$+,/ & :@$+,/ A&B*, & 6*& C$)5 +.$ 6.*.D)2, :.*.7 2.#/$)( (-) 2 *,7*/2.), $)
-)75)9+< 15 -,*&,+$)-: 0+0, 0+2, 0+4, 0+6, 0+8, 2+0, 2+2, 2+4, 2+6, 4+0, 4+2, 4+4, 6+0, 6+2, 8+0.

0,(&5 );*,7)5, ()3&:.#$-) -,*&,+$)- *,-+) 15 · 15 · 15 = 3375.

3. [5 !"##$%] R6A=86 96HC569785: logx2(x2 + 2x) + log(x+2)2(x
2 + 2x) ↭ 9

4
.

!"#$": x ↓ [→4;→3) ↗ (1; 2].

%$&$’($. FGH 2,++)1) +.*,-.+#$-, .#$% x2 + 2x > 0, x2 > 0, x ↘= ±1, (x+ 2)2 > 0, x+ 2 ↘= ±1, )$("2,
x ↓ (→≃,→3) ↗ (→3,→2) ↗ (0, 1) ↗ (1,+≃).

H,5.$&5, :$) +, FGH x2 + 2x = x(x + 2) = |x(x + 2)| = |x| · |x + 2|. !)C$)5" +.*,-.+#$-) 5)9+)
6*.);*,7)-,$% ( -&2" 1

2 log|x|(|x| · |x+ 2|) + 1
2 log|x+2|(|x| · |x+ 2|) ↭ 9

4 , )$("2,

1

2
+

1

2
log|x| |x+ 2|+ 1

2
+

1

2
log|x+2| |x| ↭

9

4
⇐⇒ log|x| |x+ 2|+ log|x+2| |x| ↭

5

2
.



F;)7+,:,/ t = log|x| |x+ 2|, 6)3":,.5

t+
1

t
→ 5

2
↭ 0 ⇐⇒ (2t→ 1)(t→ 2)

t
↭ 0,

#3.2)-,$.3%+) t ↓ (0, 12 ] ↗ [2,+≃). 0) .#$% 0 < log|x| |x+ 2| ↫ 1
2 &3& log|x| |x+ 2| ↭ 2.

!"#$% x ↓ (0, 1) ↗ (1, 2) ↗ (2,+≃), $)12, log|x| |x + 2| = logx(x + 2). !*& C$)5 .#3& x ↓ (0,1), $)
logx(x+ 2) < 0, 6)C$)5" C$)$ &+$.*-,3 +. 6)2D)2&$, & x > 1.

E#3& 0 < logx(x+2) ↫ 1
2 , $) 1 < x+2 ↫ ↔

x. I.J,/ x+2 ↫ ↔
x, +,D)2&5, :$) C$) +.*,-.+#$-) +. &5..$

*.J.+&L.

E#3& logx(x + 2) ↭ 2, $) x + 2 ↭ x2. K$) +.*,-.+#$-) 2,.$ x ↓ [→1,2]. M:&$<-,/, :$) x > 1 & x ↘= 1,
6)3":,.5: x ↓ (1,2].

!"#$% x ↓ (→≃,→3) ↗ (→3,→2), $)12, log|x| |x + 2| = log→x(→x → 2). !*& C$)5 .#3& x ↓ (→3,→2), $)
log→x(→x→ 2) < 0, 6)C$)5" C$)$ &+$.*-,3 +. 6)2D)2&$, & x < →3.

E#3& 0 < log→x(→x→ 2) ↫ 1
2 , $) 1 < →x→ 2 ↫ ↔

→x. I.J,/ →x→ 2 ↫ ↔
→x, +,D)2&5 x ↓ [→4,→ 3).

E#3& log→x(→x→ 2) ↭ 2, $) →x→ 2 ↭ (→x)2 = x2. K$) +.*,-.+#$-) +. &5..$ *.J.+&L.

M:&$<-,/, :$) x < →3, 6)3":,.5: x ↓ [→4,→ 3).

F;N.2&+// *.J.+&/, 6)3":,.5 )$-.$: x ↓ [→4,→ 3) ↗ (1,2].

4. [4 !"##"] % :79:5C9== J=HC?=EF DABC <6D=8 JHC5=<@9FG 8H6>S:<@9=B ABC, >S<F ACD =
BCD JHI?F6. #Q6HC 7 E=C?68H:? BD J6H676BC68 J:58:H9: HLKHC AD = AB 5 8:;BCM E = F
7::8568785699:. -CGE=86 :KTL? J=HC?=EF EACF , 67<= AB = 2

↔
2, CD = 2

↔
3.

!"#$":
2

5
.

%$&$’($. !"#$% AB = a, CD = b. O.:.+&.5 #B.*< 63)#()#$%4 BCD /-3/.$#/ )(*"9+)#$%, )6&#,+-
+,/ )()3) $*."1)3%+&(, BCD, A.+$* ()$)*)L 3.9&$ +, BD, 6)C$)5" "1)3 BCD 6*/5)L. !*/5)"1)3%-
+<. $*."1)3%+&(& ACD & BCD *,-+< 6) 2-"5 #$)*)+,5 & "13", #3.2)-,$.3%+) AD = BD =

↔
a2 + b2.

0,( (,( BD ’ 2&,5.$* )(*"9+)#$& (#.:.+&. #B.*< 63)#()#$%4
ABD) "13< BFD & BED 6*/5<.. 0*."1)3%+&( ADB *,-+);.2*.+-
+<L & DF .1) -<#)$,, #3.2)-,$.3%+) F ’ #.*.2&+, AB.

AE = AB cos↬BAE = AB · AF

AD
=

a2

2
↔
a2 + b2

.

!"#$% H ’ 6*).(A&/ $):(& E +, 63)#()#$% ABC. 0):(, H 3.9&$ +,
AC, $,( (,( 63)#()#$% ADC 6.*6.+2&("3/*+, 63)#()#$& )#+)-,+&/
ABC. 0)12, )$+)J.+&. );N@5)- 6&*,5&2 EACF & DABC *,-+)

VEACF

VDABC
=

EH

DC
· SACF

SABC
=

EA

DA
· AF
AB

=
a2

2 (a2 + b2)
· 1
2
.

F$#42,

VEACF =
a2

4 (a2 + b2)
VDABC =

a2

4 (a2 + b2)
· 1
3
· b ·

↔
3a2

4
=

↔
3a4b

48 (a2 + b2)
=

2

5
.

5. [5 !"##$%] R6A=86 >HC5969=6

9→ cos 4x+ 3
↔
2 sin x→ 4 sin 2x+ 3

↔
2 cosx = 0.

!"#$": x = →3𝜔

4
+ 2𝜔k, k ↓ Z.



%$&$’($. H,5.$&5, :$)

9→ cos 4x+ 3
↔
2 sinx→ 4 sin 2x+ 3

↔
2 cosx = 6 + 2(sin 2x→ 1)2 + 6 sin

⌉︃
x+

𝜔

4

⟨
↭ 6 + 0→ 6 = 0.

I,-.+#$-) 2)#$&1,.$#/ $)3%() - $)5 #3":,., ()12, sin 2x→ 1 = 0 & sin
⌉︃
x+

𝜔

4

⟨
= →1. K$&5 *,-.+#$-,5

)2+)-*.5.++) "2)-3.$-)*/.$ $)3%() x = →3𝜔

4
+ 2𝜔k, k ↓ Z.

6. [6 !"##$%] % 8H6>S:<@9=B6 ABC ↬B = 60↓, C 8:;B= D, E = F <6DC8 9C 78:H:9CM CA, AB = BC
7::8568785699:, JH=;6? BE = ED = DF = FB = 30. "8H64B= AF = CE J6H676BCO87I 5 8:;B6
X. -CGE=86 E<=9> XA, 67<= XF = 18.

!"#$": XA = 32.

%$&$’($. 0*."1)3%+&( EBF *,-+);.2*.++<L # "13)5 6*& -.*J&+. 60↓, 6)C$)5" )+ 6*,-&3%+<L &
EF = 30. !) $.)*.5. ) 6*)6)*A&)+,3%+<D )$*.7(,D, # ":@-
$)5 $)1), :$) EB = EF = BF , 6)3":,.5:

AE

EB
=

AD

DC
=

BF

FC
=⇒ AE

EF
=

EF

FC
.

F$#42,, , $,(9. &7 "#3)-&/ ↬AEF = ↬EFC = 120↓ #3.2".$,
:$) $*."1)3%+&(& AEF & EFC 6)2);+< & ↬EAF = ↬FEC.
H+,:&$, $*."1)3%+&(& AEF & EXF 6)2);+< 6) 2-"5 "13,5
&

AF

EF
=

EF

XF
⇑ AX + FX

EF
=

EF

FX
⇒ AX =

EF 2

FX
→FX = 32.

%$&$’($. !"#$% EF = p, FX = q. !) "#3)-&4 $*."1)3%+&(& BEF & DEF *,-+)#$)*)++&., 6)C$)5"
↬BED = ↬BFD = 120↓, )$("2, ↬AED = ↬DFC = 60↓. !"#$% ↬FCD = 𝜀.
0)12, &7 #"55< "13)- $*."1)3%+&(, DFC +,D)2&5
↬CDF = 120↓ → 𝜀. !)#()3%(" ↬EDF = 60↓, 6)3":,.5
↬EDA = 180↓ → ↬EDF = ↬FDC = 𝜀. H+,:&$, $*.-
"1)3%+&(& AED & DFC 6)2);+< 6) 2-"5 "13,5. !)-
C$)5"

AE

ED
=

DF

FC
. =) ↬AEF = ↬EFC = 2 · 60↓, ,

ED = DF = EF , $) .#$%
AE

EF
=

EF

FC
. !)C$)5" $*.-

"1)3%+&(& AEF & CEF 6)2);+< 6) "13" & 2-"5 6,*,5
6*&3.9,P&D 6*)6)*A&)+,3%+<D #$)*)+. F$#42, #3.2".$,
:$) ↬EAF = ↬FEC, 6)C$)5", #)13,#+) );*,$+)L $.)*.-
5. ); "13. 5.92" (,#,$.3%+)L & D)*2)L, 6*/5,/ EF (,-
#,.$#/ )6&#,++)L )(*"9+)#$& $*."1)3%+&(, EAX. H+,-
:&$, 6*)&7-.2.+&. FX · FA *,-+) (-,2*,$" )$*.7(, (,-
#,$.3%+)L EF 2, $) .#$% p2 = FX · (FX + XA). Q$,(,

XA =
EF 2

FX
→ FX = 32.

7. [6 !"##$%] -CGE=86 576 49C;69=I JCHC?68HC a, JH= B:8:HFM 7=786?C
⟩
⧸︃

⧹︃
x+

y2

x
= min

⧸︁
10 +

24y

x
; 24→ 10y

x

⃥︁
,

y = ax→ 17a+ 7

=?668 H:59: E5C H6A69=I.

!"#$": a ↓
⧸︁
→1,→ 5

12

⎛
↗
⎞
1,

12

5

⃥︁
.



%$&$’($. I,##5)$*&5 6.*-). "*,-+.+&. #&#$.5<. !"#$% M ’ 5+)9.#$-) $):.( (x; y), "2)-3.$-)*/-
4P&D C$)5" "*,-+.+&4. !*,-,/ :,#$% 2,++)1) "*,-+.+&/ 6*&+&5,.$ *,73&:+<L -&2 - 7,-&#&5)#$& )$
$)1), (,(). &7 -<*,9.+&L 10 +

24y

x
& 24→ 10y

x
5.+%J.. H,5.$&5, :$)

10 +
24y

x
↫ 24→ 10y

x
⇐⇒ 17y → 7x

x
↫ 0.

!*& x > 0 C$) +.*,-.+#$-) -<6)3+/.$#/ -) -#.D $):(,D, 3.9,P&D +, 6*/5)L y =
7x

17
& +&9. +.@, , 6*&

x < 0 ’ -) -#.D $):(,D, 3.9,P&D +, 6*/5)L y =
7x

17
& -<J. +.@.

!*&
17y → 7x

x
↫ 0 6.*-). "*,-+.+&. #&#$.5<

6*&+&5,.$ -&2

x+
y2

x
= 10+

24y

x
⇑ (x→ 5)2 + (y → 12)2 = 169.

(3)
K$) "*,-+.+&. )(*"9+)#$& # A.+$*)5 - $):(.
(5; 12) & *,2&"#)5 13. !*/5"4 y =

7x

17
)(*"9-

+)#$% (3) 6.*.#.(,.$ - $):(,D (0; 0) & (17; 7), ,
6*/5"4 x = 0 ’ - $):(,D (0; 0) & (0; 24). H+,:&$,
:,#$% 5+)9.#$-, M , $):(& ()$)*)L "2)-3.$-)*/-
4$ +.*,-.+#$-"

17y → 7x

x
↫ 0, .#$% 2"1, )(*"9-

+)#$& (3) # ()+A,5& (0; 24) & (17; 7) 7, &#(34:.-
+&.5 $):(& (0; 0).

!*&
17y → 7x

x
> 0 6.*-). "*,-+.+&. #&#$.5<

6*&+&5,.$ -&2

x+
y2

x
= 24→ 10y

x
⇑ (x→ 12)2 + (y + 5)2 = 169.

(4)
K$) "*,-+.+&. )(*"9+)#$& # A.+$*)5 - $):(.
(12;→5) & *,2&"#)5 13. !*/5"4 y =

7x

17
C$,

)(*"9+)#$% 6.*.#.(,.$ - $):(,D (0; 0) & (17; 7),
, 6*/5"4 x = 0 ’ - $):(,D (0; 0) & (0;→10).

x

y

0

O1(5,12)

O2(12,→ 5)

y =
7

17
x

(x→ 5)2 + (y → 12)2 = 169

(x→ 12)2 + (y + 5)2 = 169

(17,7)

(0,24)

(0,→ 10)

!)C$)5" :,#$% 5+)9.#$-, M , $):(& ()$)*)L "2)-3.$-)*/4$ "#3)-&4
17y → 7x

x
> 0, .#$% 2"1, )(*"9-

+)#$& (4) # ()+A,5& (0;→10) & (17; 7) 7, &#(34:.+&.5 $):(& (0; 0).

Q$,(, 5+)9.#$-) M &5..$ -&2 );N.2&+.+&/ 2-"D "(,7,++<D 2"1 7, &#(34:.+&.5 $):(& (0; 0).

!.*.6&J.5 -$)*). "*,-+.+&. #&#$.5< - -&2. y→7 = a(x→17). !*& *,73&:+<D 7+,:.+&/D 6,*,5.$*, a
2,++). "*,-+.+&. 7,2,@$ 6*/5<. # "13)-<5 ()CBB&A&.+$)5 a, 6*)D)2/P&. :.*.7 $):(" (17; 7). F$5.-
$&5, :$) 34;,/ 6*/5,/, 6*)D)2/P,/ :.*.7 C$" $):(", (*)5. -.*$&(,3%+)L, 5)9.$ ;<$% 7,2,+, 2,++<5
"*,-+.+&.5 # 6)5)P%4 -<;)*, 7+,:.+&/ a.

=,L2.5 7+,:.+&/ a, 6*& ()$)*<D )(*"9+)#$% (3) (,#,.$#/ 6*/5)L ax→ y → 17a+ 7 = 0:

|5a→ 12→ 17a+ 7|↔
a2 + 1

= 13 ⇑ |12a+5| = 13
⎡
a2 + 1 ⇑ 25a2→120a+144 = 0 ⇑ (5a→12)2 = 0 ⇑ a =

12

5
.

0.6.*% )6*.2.3&5 7+,:.+&/ a, 6*& ()$)*<D )(*"9+)#$% (4) (,#,.$#/ 2,++)L 6*/5)L:

|12a+ 5→ 17a+ 7|↔
a2 + 1

= 13 ⇑ |12→ 5a| = 13
⎡
a2 + 1 ⇑ 144a2 + 120a+ 25 = 0 ⇑ a = → 5

12
.

=,L2@5 ()3&:.#$-) $):.( 6.*.#.:.+&/ 6*/5)L y = a(x→ 17) + 7 #) 5+)9.#$-)5 M :



1) 6*& a ↓ (→≃;→1] ’ 1 );P,/ $):(,;

2) 6*& a ↓
⧸︁
→1;→ 5

12

⎛
’ 2 );P&. $):(&;

3) 6*& a ↓
⧸︁
→ 5

12
;
7

17

⃥︁
’ 3 );P&. $):(&;

4) 6*& a =
7

17
’ 1 );P,/ $):(,;

5) 6*& a ↓
⧸︁

7

17
; 1

⃥︁
’ 3 );P&. $):(&;

6) 6*& a ↓
⎞
1;

12

5

⃥︁
’ 2 );P&. $):(&;

7) 6*& a ↓
⎞
12

5
;+≃

⃥︁
’ 1 );P,/ $):(,.

O3.2)-,$.3%+), &#()5). 5+)9.#$-) 7+,:.+&L 6,*,5.$*, .#$% a ↓
⧸︁
→1;→ 5

12

⎛
↗
⎞
1;

12

5

⃥︁
.


